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Generally, a progress in research uses to be defined by improvements. Focusing on the 
modern portfolio theory and asking how it could be substantially improved nowadays, 
forced many researchers to try to develop a “better” portfolio model. To find indisputably 
superior solution may be possible in natural sciences characterized by objectivity, but it is 
a hard task in social sciences, i.e. also in economics, characterized by a high degree of 
subjectivity. Consequently, subjectivity of preferences is a main reason why the portfolio 
model of Markowitz which lied the basic ideas of the modern portfolio theory is 
permanently criticized since it was originated in the mid-fifties.  
The purpose of this thesis is not to present generally better portfolio model than the 
traditional Markowitz’s portfolio model based on mean return and variance, but a portfolio 
model more appropriate for large group of investors which are not content with asset 
allocation according to the Markowitz’s model, above all, due to its rather specific 
definition of individual preferences reflected in the risk and value decision parameters, risk 
diversification and related utility function. Furthermore, due to its restrictions imposed on 
asset universe assuring the appropriateness of this portfolio optimization. In consideration 
of this main objective, the thesis intends to accomplish the following main tasks:  
 
(1) A proper analysis of the Markowitz’s portfolio model will be necessary. Only then, 
the features which made it to the most famous portfolio model and the restrictions 
causing inferior asset allocation decisions could be considered. 
 
(2) This main objective has been addressed directly or indirectly by many researchers, 
so it is necessary to focus on the recent development in the portfolio theory. Apart 
from a comprehensive review of the theoretical background of the most appealing 
approach orientated on downside risk, an empirical examination of its successful 
application in the investment practice has to be accomplished.  
  
(3) A new approach will be developed which expands existing theory to the framework 
able to meet a bright spectrum of individual investor’s preferences not covered by 
 2
existing portfolio models. The base still represent the shortfall risk and the main 
ideas of the modern portfolio theory defined as:  
- consideration of assets as stochastic variables,  
- main investors´ objectives defined as profitability and safety of investment, 




Firstly, in the chapter two the traditional, mean-variance portfolio model of Markowitz is 
presented. Although this model is the most commonly applied portfolio model, there are 
only a few banks in the world systematically utilizing its optimization results. The 
concerns about its successful applicability in the investment practice incited the following 
analysis. First of all, portfolio decision parameters - mean and variance - are discussed. 
Furthermore, the congruence with the Bernoulli’s expected utility maxim and stochastic 
dominance is questioned. Then, the measurement of risk diversification with the 
covariance, and the asymmetry in return dependence are investigated. The findings of 
significantly decreased risk diversification during large drops in capital markets which 
cause the overestimation of benefits of risk diversification predicted by the covariances 
indicate the necessity of revision of this symmetric measure of return dependency. Despite 
of the high degree of familiarity of the basic concept of the Markowitz’s portfolio model, 
its optimization algorithm remains for most users a “black box”. This incites to describe 
the quadratic optimization algorithm developed by Markowitz for the mean-variance 
portfolio model called critical line algorithm. 
For better understanding of the principles of the mean-variance portfolio model and 
portfolio model in general, the chapter three begins with its short integration into the 
general concept of decision theory under risk. Then, risk and value analysis is 
accomplished which in the following helps to systematize the approaches to the modern 
portfolio theory. Based on it, two main approaches are stated. The first one, with risk 
orientated on the oscillation in both directions about some reference point, is represented 
by the mean-variance portfolio model described above. The chapter four is concerned with 
the second approach based on downside (shortfall) risk which is defined as a danger of 
falling below a given investment’s target.  
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The mean- shortfall risk portfolio model proves to be an appealing alternative to the 
portfolio model of Markowitz as it replaces rather specific risk understanding of the 
variance with the risk measure corresponding with the risk perception of prevailing number 
of investors. The consistency of the mean- shortfall risk portfolio model with the decision 
rules of stochastic dominance and Bernoulli’s expected utility maxim are reviewed, and the 
superiority of the mean- shortfall risk to the mean-variance portfolio model is confirmed. 
An example is showed where the mean-variance portfolio model provides incorrect, but 
the mean- shortfall risk model correct asset allocation according to the decision rules of 
stochastic dominance. As the way of risk diversification in the mean- shortfall risk model 
has not been examined properly yet, this chapter gives its clarification. With the co- 
shortfall risk we measure return co-movements in the downside part of return distributions. 
Hence, it captures the asymmetry in the return dependence. The short description of the 
mean- shortfall risk optimization algorithm should help to implement this portfolio 
selection. Since the key criterion of practitioners for applying certain portfolio model is the 
realized performance, empirical study of the out-of-sample performance of the mean- 
shortfall risk portfolio model in comparison with this of the mean-variance model is 
accomplished at the end of the chapter four.  
The last chapter presents an innovative portfolio model which expands the existing 
portfolio theory to the chance potential- shortfall risk decision framework. This chapter 
clarifies its risk and value measures, and the consequences on the utility function in case of 
congruency with the Bernoulli’s expected utility maxim. The ability to meet variable 
investor’s preferences is stated. The portfolio model based on chance potential and 
shortfall risk considers the asymmetry in return dependence since return co-movements are 
measured separately in the downside and upside part of return distribution. On the one 
hand, this model can be efficiently applied on portfolios with assets with non normal return 
distributions, e.g. many financial derivatives, where the mean-variance portfolio model 
tends to inferior asset allocation decisions. On the other hand, it can be utilized in case of 
normally distributed returns where the mean-variance portfolio model uses to provide 
correct asset allocation. Hence, the chance potential and shortfall risk portfolio model is 
able to meet the needs of the real portfolio management using modern financial 
instruments usually with asymmetrical risk-return pay off structure. Furthermore, this 
chapter presents the geometrical analysis of how the efficient set of this portfolio model 
“look”. As the implementation of this portfolio model in the praxis necessitates an 
optimization algorithm, the algorithm appropriate for the optimization in the chance 
 4
potential and shortfall risk framework is proposed. Finally, the application of this model 
and its comparison with the other portfolio models is performed by using different 

































2 PORTFOLIO SELECTION BASED ON MEAN AND 
VARIANCE 
 
Traditional fundamental analysis of securities dominated the investment world until the 
second half of the 20th century. The investment decisions were based on development of 
global economy, branches and individual firms. The assets were evaluated separately, and 
deviation from “the fair value” determined the asset allocation as the most important 
decision criterion1. 
In the 1950s two works of Markowitz2 and Roy3 gave a new fundamental approach to the 
business of finance – they provided investors with a quantitative tool, (Value, Risk)- 
decision models, which allows them to allocate assets by considering their individual 
optimal trade-off between risk and value. In spite of their rather specific quantification of 
risk and value, the principles of the modern portfolio theory could be formulated on the 
basis of their works4: 
• Asset returns are considered as stochastic variables. 
That is, each observation of asset return can be viewed as randomly drawn from its 
return probability distribution. 
• The most important decision variables for the asset allocation are the value 
(profitability) and the safety of investment. 
• Assets are evaluated according to their impact on risk and return of portfolio.   
This assumes quantification of stochastic return dependency causing risk 
diversification in portfolio. Here, the value of separate asset evaluations as in the 
traditional fundamental analysis is minimized.  
In this chapter the fundamentals of the Markowitz’s portfolio model are explained as the 
basis for the following analysis of its most important fields of interest: (µ, σ)- decision 
principle, assumed asset universe, and decision principle of maximisation of expected 
utility. Furthermore, we point to the risk diversification and asymmetry in return 
dependence with its impact on the measurement of risk diversification. Thereby we 
provide further evidence on the occurrence of the asymmetry in return dependence on the 
                                                 
1 Hielscher (1988), p. 19 
2 Markowitz (1952) 
3 Roy (1952) 
4 Schmidt von Rhein (1996), p. 222 
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global capital market. Finally, the computational issues of the optimization algorithm 
developed for the (µ, σ)- portfolio selection - the critical line algorithm - are discussed. 
 
2.1 Fundamentals of the (µ, σ)- portfolio model 
 
Markowitz provides by his work about portfolio optimization a quantitative framework for: 
1. measurement of portfolio risk and value,  
2. derivation of efficient portfolio,  
3. picking the optimal portfolio. 
Measuring portfolio risk as the variance and portfolio value as the expected return, the 
frontier of efficient portfolios contains portfolios providing us with the best combinations 
of the expected return and variance. So, they give us the highest expected return for a given 
variance, or the lowest variance for a given expected return. From the set of efficient 
portfolios, the optimal one maximizes the individual’s expected utility. In the following, 
we discuss these three basic steps of the (µ, σ)- portfolio selection5, but first of all 
assumptions of the standard portfolio model of Markowitz in addition to the principles of 
the modern portfolio theory has to be mentioned6: 
• investment horizon is one period, 
• decision maker acts rationally according to the Bernoulli’s principle, 
• investor’s decision criteria are the expected return and variance, 
• investor is risk averse with quadratic utility function by arbitrary return 
distributions of assets, or with concave utility function by normal return 
distributions of asset, 
• risk-free asset does not exist, 
• any short sales, 
• perfect capital market: 
o no taxes,  
o no transaction costs, 
o no restriction on divisibility of assets, 
o immediate information procurement free of charge,  
o no market entrance barrier.   
                                                 
5 Due to numerous literature on Markowitz’s portfolio model this section presents its relatively brief   
  description.  
6 Markowitz (1991), p. 6; Truxius (1980), p. 46  
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These assumptions assure that the two decision principle on which the Markowitz’s 
portfolio selection is based, (µ, σ)- and Bernoulli’s decision principle, are congruent.   
 
2.1.1  Measures of the portfolio value, risk and return dependency 
 
The investor’s decision variable - value - in the Markowitz’s model is defined as the 
expected return. The expected return of an asset is a probability-weighted average of its 
return in all states. Calling ps the probability of state s and rs the return in state s, we may 







  (2.1) 
 









with xi denoting weight of the i-th asset in portfolio. 
The variance measures asset risk, and is defined as the expected value of squared return 










Often the square root form of variance, standard deviation, is used: 
 
2σσ = . (2.4) 
 
As returns of assets in portfolio are not independent, the variance of portfolio has to 
capture the variability of individual assets 2iσ  but also the tendency of how they move up 




















where the covariance ijσ  between asset i and j represents the measure of return 


















=  (2.7) 
 
allows to compare and easier interpret different covariances. The correlation of +1 means 
perfectly positive, -1 perfectly negative correlated assets, and 1ρ1 ij <<−  expresses 
imperfect linear return dependency. 
 
2.1.2 The (µ, σ)- efficient frontier 
 
All feasible portfolios are obtained from all possible combinations of assets in defined 
asset universe. From them the set of constraints defines legitimate portfolios. Then, each 
portfolio P is efficient when it meets the following conditions7: 
1. it is a legitimate portfolio; 
2. if any legitimate portfolio has a greater expected return, it must also have a greater 
variance that the portfolio P; 
3. if any legitimate portfolio has a smaller variance, it must also have a smaller 




                                                 
7 Markowitz (1952), p. 140 
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2.1.2.1  The (µ, σ)- efficient portfolios without the risk-free asset 
 
Assuming the asset universe without the risk-free asset, the (µ, σ)- efficient portfolio with 
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The frontier of efficient portfolios is obtained by the repeated optimization10 for different 
portfolio expected returns from the interval determined by the expected return of the 
minimum variance portfolio and maximum expected return. The minimum variance 
portfolio represents the origin of the efficient frontier, and the portfolio with the maximum 
expected return its above end (figure 2.1).  
                                                 
8Markowitz (1987), p. 24-25: called this model the general portfolio selection model, form 2. In the form 1 
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9 The standard form of the portfolio model set Ai and b in the linear equality constrain of the general portfolio  






10 Detailed description of the optimization algorithm is given in the section 2.3 
 10
The risk diversification in portfolio assures concave form of the efficient frontier. Its 
specific form depends on the extent of risk diversification (lower correlation causes more 
concave frontier), restrictions imposed on portfolio and asset universe. 
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Figure 2.1: The (µ, σ)- efficient frontier without the risk-free asset11 
 
2.1.2.2  The (µ, σ)- efficient portfolios with the risk-free asset 
 
Allowing investor to invest in homogeneous risk-free asset, the efficient portfolios lie on 
the capital market line (CML). In the (µ, σ)- framework, CML represents a line from the 
point of the risk-free asset to a tangency point on the efficient frontier. So, efficient 
portfolios lying on CML linearly combine the risk-free asset rf and the tangential portfolio 
T, and dominate all portfolios on the original efficient frontier (see figure 2.2). The risk-
free deposit contains portfolios on the CML below the portfolio T, and the risk-free credit 
above the portfolio T. Under the CAPM assumptions of investors’ homogenous 
expectation about return and risk, the tangential portfolio coincides with the market 
portfolio which contains all assets of asset universe weighted by their market 
capitalization.  
The availability of the risk-free asset greatly simplifies the portfolio decision, because all 
investors hold the same risky portfolio T, and their different risk aversion is considered 
                                                 




only in the proportion of T and the risk-free asset. This thesis is known as Tobin’s 
separation theorem12. 
 
                                                                         
                                                                                            
                      µ                                                                     CML 
 
 
                                                                T 
                                                              ●                          
 
                                                         
  
                       rf                                    
            
 
                                                                                                                      σ 
               
 
Figure 2.2: The (µ, σ)- efficient frontier with the risk-free asset13 
 
2.1.3 Selection of the (µ, σ)- optimal portfolio 
 
To obtain the optimal portfolio, the Bernoulli decision principle is applied. The optimal 
portfolio is determined by an investor’s personal trade-off between risk and return 
expressed by the indifference curves. To get the indifference curves, an individual 
expected utility function has to be specified. The (µ, σ)- portfolio model assumes a 
quadratic utility function14 (by non-normally distributed returns); with normally distributed 
returns a concave utility function can be applied.     
For an indifference curve, the expected utility is held constant which implies indifference 
between the difference realizations on the curve (iso-utility curve). From the quadratic 
expected utility function  
 
2σβµαEU ⋅+⋅=  (2.9) 
 
                                                 
12 Tobin (1958), p. 84 
13 Gügi (1995), p. 47 
14 see section 2.2.3.1 for the derivation of the utility curve 
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where the parameter β<0 indicates that the investor prefers smaller standard deviation to 
larger standard deviation by the same expected return, the indifference curve for a 







µ ⋅−=  (2.10) 
 
The convexity (concavity) of this indifference curve for β<0 ( β>0) means that an 
investor is prepared to take more risk when the expected return over-proportionally (under-
proportionally) increases. 
Superimposing a particular set of indifference curves defined by variable EUi on the 
efficient frontier in the (µ, σ)- coordinate system and finding the tangential point, we obtain 
optimal portfolio (on Ia in the figure 2.3). Using asset allocation with the risk-free asset, the 
optimal portfolio lies on the tangential point of indifference curve with CML (on Ib in the 
figure 2.3). More risk averse investors will have steeper indifference curves with higher α 
(in the figure 2.3 I2) implying a tangency portfolio with a smaller standard deviation and 
expected return. The contrary is true for less risk averse investor (in the figure 2.3 I1).  
 
                  
                                                        
                    µ                                                                      I1b              CML 
                                     I2b        I2a                                             
                                                                                                   I1a 
 
                                          
                                         
 
                                                         
  
                    rf                                    
            
 
                                                                                                                       σ 
 
 
Figure 2.3: Optimal portfolio selection with and without the risk-free asset16  
                                                 
15 Garz./Günther./Moriabadi (2002), p. 51 
16 Bodie/Kane/Marcus (2002), p. 218-219 
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2.2 Analysis of the (µ, σ)- portfolio model 
 
The most important areas of concern in the Markowitz’s approach to the portfolio 
optimization occurring in the literature can be summarized in the following topics:  
• investor risk and value preferences,  
• acceptable asset universe, 
• congruence with the expected utility maxim and stochastic dominance, 
• risk diversification, 
• length of the investment horizon. 
• forecast of the expected return and risk, 
• portfolio revision: static vs. dynamic portfolio model. 
Due to the complexity of these topics, the subject of interest of this thesis is confined only 
to the first five. The length of the investment’s horizon is discussed in the relation to its 
influence on the utility function. Now, let us briefly address the last two topics. 
In narrow sense of meaning, the reliable forecast of the expected return and risk does not 
belong to the task of asset allocation with portfolio model, but rather to financial research 
and analysis. However, the estimation error of input data for the optimization represents a 
considerable practical problem in the (µ,σ)- model as the allocations are extremely 
sensitive to variations in the input parameters17. The (µ, σ)- procedure overuses statistically 
estimated information and magnifies estimation errors, known as the error maximizer 
effect. The optimization algorithm prefers assets with the highest expected returns, the 
smallest variance and covariance, but mostly such assets are subject to the estimation error. 
The literature proposes many estimation techniques which help to improve the forecast of 
returns, the most popular are James-Stein estimator18, Black-Litterman estimation19, upper 
bounds of asset weights20 and application of the portfolio decision parameters calculated 
by using integral calculus from the continuous distribution21.  
The uncertainty about the input data reinforces the need for portfolio revision in the course 
of time. This problem is not considered in Markowitz’s model which is a one period, static 
model (an application of buy-and-hold policy). However, as asset values move randomly, 
asset weights diverge from the target mix. In the dynamic models, the investor rebalances 
                                                 
17 Chopra/Ziemba (1993), p. 6-11 
18 Jorion (1986), p. 279-292. Called also Bayes-Stein estimator 
19 Black/Litterman, 1992, p.28-43 
20 Frost/Savarino (1988), p. 29-34 
21 Sortino (1996), p. 35-42 
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his portfolio to the target weights by transferring assets from one to another at the end of 
each period22. In another approach23 we invest in “resampled efficient portfolios” which 
show desirable attributes: they exhibit a higher degree of diversification, and their 
composition is less prone to changes in expected returns. If a new portfolio belongs to the 
statistical equivalence region, we do not need to reallocate as it has the same statistical 
value. Thus, revision does not have to be performed so often, and the transaction costs are 
reduced. 
For further description and solutions of the last two problems we refer to the literature, and 
turn back to the main subjects of interest. 
 
2.2.1 Investor’s risk and value preferences 
 
Markowitz utilizes the mean and variance as the main investment decision criteria – value 
and risk. The mean return gives us information about the central location of return 
probability distribution, and is characterized ex ante as a sum of probability weighted 
possible returns in all future states or ex post as an arithmetic or geometric average. 
The variance is defined as a total variability of returns around the mean, and, as already 
mentioned, it is measured as a sum of squared upside and downside return deviations from 
the mean weighted by their probabilities24. Thus, it corresponds to the risk understanding 
of investors who fear to miss the expected return, i.e. they penalize not only downside but 
also upside return deviations from the expected return. In the optimization algorithm, the 
achievement of such a preference is obtained by the minimization of the variance. 
However, many investors do not see positive return deviations above the mean as a source 
of risk but, rather, as a pleasant chance to succeed. 
The reference point to which returns are related can be interpreted as an investor’s 
objective. Then, in the variance the expected return is assumed to be the financial target. 
Nevertheless, investors have variable subjective goals leading in numerous subjective 
aspiration returns or financial targets that seems hard to instill into one aggregate – the 
expected return. 
                                                 
22Perold/Sharpe (1988), p. 16–27; Mulvey (2000), p. 2-20  
23Michaud (1998). Computation of resampled efficient portfolios: draw repeatedly from the return 
distribution based on the original optimization inputs (sample means and sample covariance matrix), and 
compute efficient frontier portfolios based on these resampled returns. Averaging portfolio weights over 
these simulated portfolios yields, resampled efficient portfolios are obtained. 
24 Auckenthaler (1994), p.132 
 15
Return deviations related to the mean are penalized by the power function with the 
exponent of two which implies a plausible but rather specific type of risk aversion. 
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Figure 2.4: Investor’s risk and value preferences in the (µ, σ)- portfolio model 
 
Averaging both-sided return deviations in the variance, we obtain a measure expressing the 
same return dispersion on upside and downside. Thus, we can interpret it as the return 
expectation in the interval ,2( σµ ⋅− σ2µ ⋅+ ) with the probability of 98%, or in the interval 
( )σµσ,µ +−  with the probability of 84%25. In the case of variance computed for 
asymmetric return distributions, we average unequal upside and downside return 
deviations, so any information about asymmetry disappears.   
 
2.2.2 Asset universe 
 
The utilized risk and value measures described in previous section do not exist without 
consequences for assumed asset universe. If the asset return distribution is completely 
characterized by mean and variance, i.e. it belongs to the so called “(µ, σ)- probability 
                                                 
25 Hielscher (1988), p. 23 
variance
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distributions”26 containing important normal, lognormal, student-t, uniform distributions, 
the (µ, σ)- portfolio model will not cause incorrect asset allocation. However, within the 
capital markets, there are numerous assets with non-normal return distributions. The trend 
is directed to the financial products with non-normally distributed returns, above all 
asymmetrically distributed, since investors are not equally concerned with avoiding losses 
and seeking gains - they exhibit asymmetric risk-chance preferences. This in turn makes 
the intrinsic shortcomings of the (µ, σ)- portfolio model more obvious.  
In the following the most common asset classes are examined whether their return and risk 
patterns are adequately considered in the (µ, σ)- portfolio model.  
• Equities 
Although the standard (µ, σ)- portfolio model was originally proposed for stocks, there is 
controversy in the literature whether it contains all the important information needed to 
describe decision situation involving stocks. On the one side, researchers argue that 
according to the Central limit theorem27 return distributions of equities can be assumed to 
be approximately normal. On the other side, there is a long list of empirical studies 
revealing significant higher moments of equity return distributions implying non-
normality28. 
The main impression obtained from these studies is that we have to differentiate between 
the stock types: 
- Small-cap stocks show more significant non-normality than large-cap stocks29. 
- The shorter the time period for return computations, the greater the tendency for 
distributions to be non-normal30.   
- Individual stocks exhibit high deviation from normal return distribution whereas 
the deviation from normality for indexes is lower due to the diversification31. 
- Stocks from emerging markets deviate more from normal return distribution than 
stocks from mature markets32.  
- Illiquid stocks are more non-normal than liquid stocks33.  
                                                 
26 Bamberg/Coenenberg (1991), p.90 
27 If you draw simple random samples of size n from any population with mean µ and finite standard 
deviation σ, when n is large, the sampling distribution of the sample means x  is close to a normal 
distribution with mean µ and standard deviation nσ . In: Cremers (1999), p. 342 
28 Ferguson/Rom (1995), p. 1-2, Mandelbrot (1963), p. 394-319, Fama (1965), p. 34-105 
29 Ferguson/Rom (1995), p. 1-2 
30 Möller (1986), p.26 
31 Kroll, Levy, Markowitz (1984)  
32 Bekaert/Erb/Harvey/Viskanta (1998), p. 102-116; Stevenson, S. (2001), p. 51; Bekaert/Harvey (1997), 
p.29-78 
 17
• Fixed-income securities 
Fixed-income securities generate returns with the highest occurrence close to the promised 
yield. As the upside part of return distribution is limited to this yield, fixed-income 
securities exhibit negatively skewed return distributions. Therefore, a portfolio model 
assuming symmetrically distributed returns would unfairly manage portfolios containing 
fixed-income securities. The seriousness of this problem is underlined by Merriken’s 
finding34 that about $210 billions are invested in funds with fixed-income assets. 
• Financial derivatives35 
Financial derivatives as options, futures, swaps etc. may be included in portfolio as stand-
alone assets or together with underlying. The main purposes of implementing financial 
derivatives in portfolio are hedging and leveraging36. The aim of the former strategy is 
decreased exposure to losses. By the latter investor accepts higher risk exposure to improve 
the expected return. Thus, the derivatives have a potential to generate variable non-normal 
return distributions37, although their underlying distributions are normally distributed. 
Merriken38 states that about $750 billion are invested in the assets with financial 
derivatives. 
• Real estate 
The most frequently stock exchange traded indixes of commercial real estate are the 
Property Index of NCREIF (National Council for Real Estate Investment Fiduciaries) and 
the Property Index of REIT (Real Estate Investment Trust). With real estate valued at $73 
billion for the first index and $140 billion for the second index, they represent an important 
asset class39. Studies of return distributions for real estate indices find evidence of 
significant non-normality in terms of skewness and kurtosis40.   
• Commodities 
Commodities represent a class of asset where value depends on the market prices of goods. 
The most important stock exchange traded commodities with great influence on 
                                                                                                                                                    
33 Leib(2000), p. 3-5 
34 Merriken (1994), p. 67 
35 Sometimes financial derivatives are not considered as separate asset class in the literature as other asset 
classes can replicate them. We assume financial derivatives as separate asset class with justification that 
the trading and other costs connected with financial derivatives are usually much lower than by replicated 
assets. See in :Elton/Gruber (1991), p. 632 
36 Bruns/Meyer-Bullerdiek (2000), p. 539 
37 Bookstaber/Clarke (1984), p. 469-492 
38 Merriken (1994), p. 69 
39 Lizieri/Ward (2000), p. 7 
40 Miles/McCue (1984), p. 277-335, Hartzell/Hekman/Miles (1986), p. 230-254, Myer/Webb (1994), p. 267-
282, Byrne/Lee (1997), p. 37-46 
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international economy are oil and gold. Although they do not represent securities, they are 
considered highly liquid assets. Their prices exhibit jumps, therefore, their returns will not 
be normally distributed but rather heavy-tailed41. The main reason for including 
commodities in portfolio is their low or negative correlation with other asset classes and 
their protection against inflation42. 
We can state that any asset class which exhibit normally, or log-normally distributed 
returns would assure the appropriate use of portfolio optimization strategies using mean 
and variance.  
 
2.2.3 Congruence of the (µ, σ)- decision principle and decision principles based on 
comprehensive evaluation of random variables  
 
2.2.3.1 Congruence of the (µ, σ)- decision principle and expected utility maximization  
 
The consistency of the (µ, σ)- asset allocation with the expected utility maxim requires 
behaviour describable by the quadratic utility function in the case of non-normal return 
distributions, or concave utility function (implying risk aversion) in the case of normally 
distributed returns.  
The requirement of the quadratic utility function can be derived from the Markowitz’s 
theorem43: If individual maximizes expected utility, and acts solely on basis of expected 
return E(r) and risk measure F(r), where measure of risk F(r) is the expected value of some 
function of return f(r), then individual’s utility function have to be of the form: 
 
γf(r)βrαU(r) +⋅+⋅=      γβ,α,  - parameters,  (2.11) 
 
where the parameter β<0 indicates that the investor prefers smaller to larger standard 
deviation. And the expected utility function is: 
 
γF(r)βE(r)αEU(r) +⋅+⋅= .  (2.12) 
 
                                                 
41 Unger (2001), p. 3 
42 Murphy/Dinenis/Gulley (1991), p. 321-329 
    Nawrocki’s comment: None of these asset classes are directly comparable to stock returns especially the    
    real estate and commodity indexes. Therefore, any correlation with equities is spurious. 
43 Markowitz (1952), p. 286 
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The variance as a risk measure implies: 
 
γ(r)σβE(r)αEU(r) 2 +⋅+⋅= . (2.13) 
 
Since variance can be derived from the value of mean E(r) and E(r2)44, individual can also 
be said to act on basis of mean and E(r2). If portfolios have the same mean and E(r2), they 
have the same variance, and must be considered equally good. Then, utility function by 
which the expected utility maxim is congruent with the (µ, σ)- decision model can be 
written as45: 
 
2(r)βrαU(r) ⋅+⋅=   (2.14) 
 
                                




                                                 




                           r 
 
Figure 2.5: Quadratic utility function 
Usually, the literature does not emphasise the less appealing properties of the quadratic 
utility function which can be summarized in the following points:  
(1) Limited non-satiation 
The non-satiation ceases at the vertex point 2βαr ≤ , then the utility decreases with 
increasing final return what is eminently implausible46. For a better understanding of this 
problem, the vertex points of plausible quadratic utility functions with varying ratio of β  
and α  are depicted in the figure 2.6. As the parameters α  and β  indicate the rate of 
                                                 
44 σ² = E[r-E(r)]2 = E[r2 –2rE(r)+ E(r)2] = E(r2)-2E(r) 2+E(r)2 = E(r2) -E(r) 2, in: Cremers (1999), p. 305 
45 Truxius (1980), p. 91-94, the parameter γ could be neglected here. 
46 Usually, only the growing part of the parable is depicted in the literature. 
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marginal substitution of expected return for variance, with decreasing value of β = -0,5; -1; 
-2; -10 (by α =1) grows the risk aversion. From the figure, it is evident that the greater risk 
aversion, the lower expected return where the expected utility begins to decrease: it is the 
return of 5% by β = -10, then 25% by β = -2, 50% by β = -1, 100% by β = -0,5. From 






















Figure 2.6: Limited non-satiation of the quadratic utility function 
(2) Increasing absolute risk aversion  
The quadratic utility function implies increasing absolute risk aversion with increasing 
final wealth which means that wealthier investors prefer to take less financial risk (in 
absolute terms) than poorer investors. However, investors often exhibit decreasing absolute 
risk aversion which is usually referred to as economically plausible47. 
(3) Independence of the initial wealth 
The expected utility is independent of the initial wealth, so the investor evaluates assets 
with the same expected return as having the same utility. Nevertheless, investor’s risk 
aversion changes with different initial invested wealth by the same expected return48. 
                                                 
47 Alexander/Francis (1986), p. 16  
48There is a possibility to adjust the quadratic utility function to take account of the initial wealth. See Mossin 
(1973), p. 38-40: 2111 )w(aw)w(U ⋅−= adjust to 
2)r(hr)r(U ⋅−= , where )wa21(wah 00 ⋅⋅−⋅=  and w0 is 
initial invested wealth. Then, we obtain the same optimal portfolio as with 2111 )w(aw)w(U ⋅−=  However, 
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(4) No explicit financial target 
The quadratic utility function does not take into account the investor’s financial target. 
Commonly, investors exhibit a step function of the expected utility near the aspiration 
return rather than the smooth change assumed by the quadratic utility function. Fishburn49 
examined a large number of von Neuman and Morgenstern’s utility functions that have 
been reported in the investment literature and finds: “most individuals in investment 
contexts do indeed exhibit a target return which can be above, at or below the point of no 
gain and no loss-at which there is a pronounced change in the shape of their utility 
functions.”  
(5) Aggregate utility  
One aggregate utility function, as e.g. quadratic, can hardly be appropriate for all investors 
and for their whole life50. Investors exhibit different utility functions as they have different 
goals, investment horizon, initially invested wealth, fraction of the initially invested wealth 
on the whole initial wealth etc. No wonder the empirical study of Laughhunn, Payne and 
Crum51 found only about about 9% of the investors in the study exhibited quadratic utility 
function.  
(6) Variability of the risk aversion 
In the quadratic utility function the only way how to express different risk aversion is to 
modify the βα, - parameters that results in a seriously simplified view of investor 
behaviour. This is especially relevant in the case of possible investment in the risk-free 
asset, and the application of the Tobin’s separation theorem in the (µ, σ)- world. The grade 
of risk aversion determines only the proportion of risky and risk-free part of asset 
allocation whereby the structure of the risky part remains the same for all investors 
regardless of their utility function. 
The consistency of the (µ, σ)- decision with the expected utility maxim imposes less strict 
requirements in the case of the normally distributed returns, i.e. the utility function has to 
be concave. Nonetheless, the concave utility function could also be regarded as rather 
simplifying assumption, because the investors exhibit variable concave, convex and linear 
                                                                                                                                                    
also by the same initial invested wealth the risk aversion differs in dependence on the fraction of invested 
initial wealth on the whole initial wealth.  
49 Fishburn (1977), p. 122  
50 Simon (1955), p. 99-118; Weiner (1948), p. 42, Nawrocki (2003), p. 84 
51 Laughhunn/Payne/Crum (1980), p. 1238-1249 
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utility functions, or combinations of them52. For instance, many utility functions are of the 
Friedman-Savage-type (reverse S-form), which are not everywhere concave or convex53. 
Also Markowitz54 confirmed the plausibility of such utility functions. Harlow55 wrote that 
requirement of marginal utility to be strictly decreasing (as in case of concave utility 
function) is contrary to intuition and observed investor behaviour. The plausibility of 
asymmetric types of utility function can be clarified by unequal sensitivity to losses and 
gains56. 
Levy and Markowitz57 tried to extend the validity of the (µ, σ)- decision principle 
suggesting the Taylor’s series expansion as an approximation of variable utility function 
which should assure the consistency with the expected utility maxim. Then, the 
approximated expected utility EU(r) of the utility function U(r) is expressed as: 
 
2/)µ´´(U)µ(U2/)µr()µ´´(U)µ(U)r(EU 22 σ⋅+=−⋅+≈   (2.15) 
 
The Taylor’s series expansion is only approximately true in the neighbourhood of the 
mean, but most risk-related concern of investor does not lie near the mean. Additionally, 
this approximation does not take into account higher-order terms as in the extended 
Taylor’s series expansion58: 
 
 
!n/)µr()µ(U...2/)µr()µ´´(U)µ(U)r(EU n)n(2 −⋅++−⋅+≈   (2.16) 
                                                                           higher-order terms 
 
It assumes that higher moments of return distribution converge to zero. Therefore, financial 
products with significant higher moments of return distribution can lead to incorrect asset 
allocation. Another problem is that utility functions are not always differentiable. In the 
reference points, utility function suffer finite jumps, so the first-, the second- and higher-
order derivatives do not exist.  
                                                 
52 Cass/Stiglitz. , p. 344,. Kahnemann/Tversky (1979), p. 263-291, Lease/Lewellen/Schlarbaum (1979), 
p.413-433, Myron/Paradis/Rorke (1972), p. 107-118 
53 Friedman/Savage (1948), p. 279-304; Marschak (1950), p. 111-141 
54 Markowitz (1952), p. 218 
55 Harlow (1991), p. 30 
56 Merriken (1994), p. 71 
57 Levy/Markowitz (1979), p. 308-317 
58 Cremers (1999), p. 206 
 23
With regard to the last three points, discussing explicit financial target, aggregate utility 
and variability of the risk aversion, it can be stated that no single all-encompassing utility 
function exists to make it possible to derive one universally applicable value and risk 
measure. 
 
2.2.3.2 Congruence of the (µ, σ)- decision principle and stochastic dominance  
 
With reference to the section above, we ought to mention that the efficient set obtained by 
the maximization of the expected utility in the utility class defined by non-satiation, risk 
aversion and decreasing absolute risk aversion is identical to the efficient set of the first-, 
second- and third-degree stochastic dominance, respectively. 
In case of normally distributed returns and risk-aversion, the (µ, σ)- decision rule identifies 
efficient or dominant choice set elements59. For lognormal distribution the (µ, σ)- 
dominance is neither necessary nor sufficient for stochastic dominance60. For the 
symmetric distributions the relation between assets can be described in more detail. Within 
the class of assets with symmetrically distributed returns, every random alternative Qx ∈  
that is maximal by xx σλµ ⋅−  with 1λ0 <<  is efficient by the second-degree stochastic 
dominance rules. In general, a feasible random variable Qx ∈ , where Q is a given feasible 
set of risky alternatives, is called efficient, if there is no Qy ∈  such that xy f 61. 
Apart from the assets with equal means, no relation involving the standard deviations of 
general random assets is known to be necessary for the second-degree stochastic 
dominance what means that under the (µ, σ)- efficient portfolios are still inefficient 
portfolios for investors who exhibit non-satiation and risk aversion62. 
 
2.2.4 Risk diversification with the covariance 
 
The diversification in portfolio is the key to successful portfolio management as it reduces 
portfolio risk. This benefit makes it worthwhile to invest part of the portfolio in assets 
which individually offer inferior expected returns. In the literature, the investment decision 
considering the quantified risk diversification in the portfolio optimization is referred to as 
                                                 
59 Bawa(1975), p. 90-121, Bodurtha/Shen (1994), p. 1-20 
60 Ali (1975), p. 205-229  
61 Ogryczak/Ruszczynski (1997), p. 13 
62 Frowein (2000), p. 8 
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the main finding of the Markowitz’s portfolio model. The importance of the correct 
measurement of risk diversification - return dependency between assets - stresses the fact 
that as the number of assets in portfolio increases, the portfolio risk is determined mainly 
by the risk diversification in portfolio. Markowitz shows that for a large number of assets 
in the portfolio the portfolio variance approaches the value of the average covariance63. 
This calls for proper analysis and understanding of the covariance.  
The covariance measures the extent of the unison of up and down movements of asset 











The covariance increases when negative or positive deviations from the mean occur at the 
same time as e.g. in the figure 2.7. If negative and positive return deviations from the mean 













Figure 2.7: High covariance  
 
                                                 
63 Markowitz (1952), p.111 













Figure 2.8: Low covariance 
 
2.2.4.1 Examples of risk diversification with the covariance 
 
The nature of the covariance could lead to the less understandable situation where the risk 
of one asset is diversified away by the another. Let us take a look at the following 
simplified examples. We will compare the covariance 2ABσ  of the asset A and B. Initially, 

















Figure 2.9: Return time series of the asset A 
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Case 1 
We add the asset B into our portfolio as shows the figure below. The covariance 
0,0225+=2ABσ and correlation 1+=ABρ  mean that by inclusion of the asset B in the 















Figure 2.10: The asset B in the first case 
 
Case 2 
We add another asset B to the initial asset A. The result, the covariance 0,0225+=2ABσ  

















Figure 2.11: The asset B in the second case 
 
Case 3 
Adding the changed asset B to the asset A decreases the covariance =2ABσ -0,0225 and the 
















Figure 2.12: The asset B in the third case 
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Case 4  
After replacing the asset B for a worse one, the covariance and correlation stays unchanged 

















Figure 2.13: The asset B in the fourth case 
 
Many similar examples may be presented where portfolio is protected against losses by a 
large covariance as in the case 1, 2, or is exposed to large losses by a low covariance as in 
the case 3, 4. Clearly, also return time series with less extreme correlation can be used.  
The clarification of such results with the covariance lies in the measurement of both-side 
return dependency, and the effect of a reference point set as an endogenous parameter of 
return distribution - mean. Assets with simultaneous upside return deviations from the 
reference point increase the covariance and therefore portfolio risk. However, the 
occurrence of upside return deviations at the same time is usually desirable.  
More light into the covariance brings the comparison of the risk diversification measured 
with the shortfall risk and covariance in the section 4.4.4.1. 
 
2.2.4.2 Asymmetry in the risk diversification and the covariance 
 
In the following, we analyse another problem connected with the diversification measured 
by the covariance and correlation - the asymmetry in the risk diversification.  
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Recently, academic researchers and practitioners observe that the benefits of risk 
diversification rapidly erode during large movements in capital markets. In particular, the 
large drops occur with greater simultaneity than the assumption of constant correlation 
would predict. However, mostly under these conditions, investors need to offset the losses. 
A deficiency in the risk models based on the multivariate normal distribution, such as e.g. 
(µ, σ)- model, received increased attention for instance during the aftermath of the 1987 
market crash and crash of the New market in 2000 when the diversifying amongst different 
assets or markets was less effective at reducing risk than many participants had believed. 
The investors holding portfolios constructed in the (µ, σ)- framework overstated the value 
of diversification as these portfolios do not take into account the increase in the downside 
correlation. In addition to the portfolio management, ignorance of the asymmetry in return 
dependence can affect many areas of financial management as e.g. risk management and 
forecasting. 
While there exists a large literature on time-varying conditional covariances of stock and 
bond returns, the number of studies on size-varying conditional covariances is limited. 
Evidence that stock returns exhibit asymmetric dependence has been reported by Erb, 
Harvey and Viskanta65, Longin and Solnik for five largest market66, Ang and Chen67, and 
Ang and Bekaert68 for US Equity portfolios, by Cappiello/Engle/Sheppard69 for 21 FTSE-
equity indices and 13 Datastream bond indices. They all report that correlations between 
stock returns are greater in bear markets than in bull markets. 
Ang and Chen70 found out that the correlations conditional on the downside movements, 
which occur when both portfolio and market fall, are, on average, 11.6% higher than 
correlations implied by normal distribution. In contrast, the correlations conditional on the 
upside movements occur when portfolio and market rise cannot be statistically 
distinguished from those implied by normal distribution. They found that small-cup stocks, 
stocks with higher book-to-market ratio, or with low past returns exhibit greater 
asymmetric correlations. Stocks with higher beta risk show lower correlation asymmetries. 
They report that conditional asymmetric correlations are capturing something funda-
mentally different than other measures of asymmetries such as skewness and co-skewness.  
                                                 
65 Erb/Harvey/Viskanta (1994), p. 32-45 
66 Longin/Solnik (2001), p. 649-676; UK, USA, France, Germany, Japan  
67 Ang/Chen (2002), p. 443-494 
68 Ang/Bekaert (2002), p. 1137-1187 
69 Cappiello/Engle/Sheppard (2003), p. 1-58 
70 Ang/Chen (2002), p.443-494 
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Patton71 shows that the distribution of portfolios of symmetric assets will be asymmetric, if 
their dependence structure is asymmetric. He gives substantial evidence that asymmetric 
dependence and skewness have important implications for asset allocation: portfolios 
based on model of the conditional distribution of stock returns outperformed portfolios 
based on the bivariate normal distribution for all performance measures considered (in the 
sample).  
The paper by Ang and Chen72 deals with the economic significance of asymmetric 
correlation in portfolio allocation and risk management. 
DeGoeij, Leuven and Marquering73 demonstrate that not only stock market returns exhibits 
asymmetric covariance, but also bond returns react asymmetrically to return shocks as 
well.  
Ang, Chen and Xing74 report that a premium exists on assets that exhibit lower dependence 
during the market drops, suggesting that asymmetric dependence between individual assets 
and the market portfolio is also priced by the market. 
 
2.2.4.2.1 Empirical evidence of asymmetry in return dependence on global capital  
               market 
 
Following the overview of the literature on asymmetry in risk diversification in the 
previous section, we investigate how portfolio allocation based on unconditional 
covariance and mean return, and assumption of normally distributed returns would 
overestimate the diversification benefit in the market drops on global capital market. We 
compare the correlations as assumed by the (µ, σ)- portfolio model with the empirical 
correlations conditioned on the downside part of return distribution. 
We examine asymmetry in the return dependence among 25 capital markets75, mature and 
emerging over the period 1993-2002 on a monthly basis.  
Longin and Solnik (2001) and Ang and Chen (2002) point out that even for standard 
bivariate normal distribution the correlation calculated by conditioning on a subset of 
observations (e.g. returns below a certain level) will defer from the unconditional 
correlation (table 4.6). Therefore, we have to adjust the conditional correlation estimate. 
                                                 
71 Patton,(2002), p.1-20 
72 Ang/Chen (2002), p.443-494 
73 DeGoeij/Leuven/Marquering (2002), p.1-30 
74 Ang/Chen/Xing (2001), p.1-40 
75 Markets are represented by the indices in the appendix. 
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The following formula takes into account this conditioning bias. The estimated 
conditional76 correlation ρq of variables x, y with unconditional correlation ρ and standard 
deviation σx, σy under assumption of bivariate normal distribution and partitioning q on this 






ρ = . (2.18) 
 












= . (2.19) 
 
Applying this formula we compute estimated conditional correlations for our data sample 
(table 2.1). We condition the bivariate distribution on the x-domain on the tail of 
distribution defined by returns below 0%.  
The real downside correlations conditioned on returns below 0% are given in the table 2.2. 
The estimated downside conditional correlation under the assumption of bivariate normal 
distribution is on average by 38% lower than the empirical downside conditional 
correlation in our data sample. 
As a consequence, we can state that the the portfolio allocation based on covariance 
(correlation) under assumption of normal return distributions would overestimate the 
diversification benefit in the downside part of return distribution, on average, by 38% in 
the global capital market. 
This finding indicates the necessity of revising the (µ, σ)- portfolio model. Instead of the 
portfolio optimization with unconditional variance-covariance matrix, we have to apply 
conditional co-movement risk measure. The multiplicity of different techniques on how to 
condition by return size and how to measure return co-movements leads to many different 
conditional diversification measures. The main empirical approaches represent: 
o truncated correlation approach, 
                                                 
76 Also called truncated correlation 
77 Johnson/Kotz (1972), p.112 
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o extreme value theory, 
o copulas approach, 
o co-lower partial moments. 
The truncated correlation approach conditioning on the single x-domain on the tail of 
distribution is explained in the empirical study above. The extreme value theory conditions 
on the joint marginal threshold78. The copula approach is used as a general tool to construct 
multivariate distributions79. The co-lower partial moment has already been applied in the 
(µ,LPM)- portfolio allocation framework, but the risk diversification of this model has not 







                                                 
78 Longin/Solnik (2001), p. 649-676 



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2.3 Optimization algorithm for the (µ, σ)- portfolio model 
 
The decision to include the explanation of the computing procedure of the (µ, σ)- portfolio 
model into this thesis can be explained, on the one side, by its relevancy for financial 
practice, and on the other side, by its contribution to better understanding of the concept of 
this portfolio model in general. So, the optimization algorithm has implications not only 
for the financial practice but also for the financial theory. In addition, most users of the 
(µ,σ)- portfolio model are not familiar with its optimization algorithm. 
To compute the (µ, σ)- efficient frontier, general algorithms of convex quadratic 
programming utilized in the standard operations research literature can be applied80. The 
most common algorithms of convex quadratic programming are based on Newton’s 
method, quasi Newton’s method or Gradient method. To increase the computational 
efficiency, the algorithm can be specifically fitted to the portfolio model. Such algorithm 
was developed for the (µ, σ)- problem by Markowitz81. In this section, the Markowitz 
critical line algorithm is briefly explained for the (µ, σ)- parametric general asset allocation 
problem with non-negativity bounds and linear equality constraints.   
 
2.3.1 Formulation of the optimization problem 
 
The quadratic optimization problem for the (µ, σ)- portfolio model can be formulated in a 
matrix notation as: 
 
a) Min  xCxσ T2p ⋅⋅=  (2.19) 
b) s.t.: ExµT =⋅  
c)  bxA =⋅  
d)  0x ≥  
 
 with nx ℜ∈ :  vector of portfolio weights  
  x = (x1,…,xn)T 
  nxnC ℜ∈ :matrix of covariances  
                                                 
80Winston (1991), p. 658-665 
81 Markowitz (1987) 
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  nµ ℜ∈ :  vector of expected returns  
   ( )Tn1 µ,...,µµ =  
  mxnA ℜ∈ :  matrix of restriction coefficients  























  nb ℜ∈ : vector of restriction values  
   ( )Tmbbb ,...,1=  
 
The equations (2.19 a, b) state that portfolio variance 2pσ  is minimized for a given level of 
portfolio expected return E. With the equation (2.19 c) a set of linear equality restrictions is 
imposed on the asset allocation. Commonly, the full-investment constraint is required. The 
critical line algorithm can be also applied by linear inequality constraints, because they can 
be simply transformed to linear equality restrictions by adding slack-variables: 
 
bxA ≤⋅  with u = 1,…,U inequalities to: (2.20) 
bxxA u =+⋅  
bxA ≥⋅  with v = 1,…,V inequalities to 
bxxA v =−⋅  
 
Then, the following matrices and vectors are necessary: 
 
VUnx ++ℜ∈ : vector of n-portfolio weights and U+V slack-variable 
VUnµ ++ℜ∈ : vector of n-expected returns for ni ...1=  and 0 for VUnni +++= ...1  
)()( VUnxVUmA ++++ℜ∈ : matrix of restriction coefficients of all constraints 
VUnb ++ℜ∈ : vector of restriction values of all constraints 




Additionally, short sales are not allowed, so the non-negativity constraint (2.19 d) has to be 
imposed.  
 
2.3.2 Optimum conditions 
 
Markowitz’s algorithm is based on the Lagrangian approach. Generally, if we have 
optimization problem:  
 
Min  g0(x)  (2.21) 
s.t.:  gk(x)=bk      for k= 1...m, 
 







λ . (2.22) 
 
In our case, the Lagrangian function with mm21 }λ,...,λ,{λλ ℜ∈=′  for the constraint (2.19 





T −⋅⋅−−⋅⋅′−⋅⋅= . (2.23) 
 
Obviously, the objective function (2.19 a) is positive for all x, as it represents portfolio 
variance, which can not be negative. So the matrix C is positive semidefinite, and then the 
objective function is convex82. The constraint set is also convex, because all functions are 
linear. In this case, the necessary and sufficient conditions for x to be a global optimum of 
(2.19) will fulfil the Kuhn-Tucker conditions. 
Let η  represent the vector of the first partial derivatives of the Lagrangian L with respect 





















L)η,...,η,(ηη .  (2.24) 
                                                 
82 Markowitz (1987), p.109 
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Then, the Kuhn-Tucker conditions for the problem (2.19) represent6: 
 
a) 0µλAλxCη E ≥⋅−⋅′−⋅=  (2.25) 






d) bxA =⋅  
e)
  
ExµT =⋅  
 
The condition (2.25 a) implies that the first partial derivative iη  of L with respect to ix  is 
non-negative. Additionally, the condition (2.25 c) specifies that the first partial derivatives 
iη  equal to zero remain appropriate for all ix  greater than zero. In other case, if ix  equals 
zero, then iη  is positive. Principally, that means the value of the Lagrangian could be 
improved, if ix  were not restricted by a lower boundary. Each 0>ix  represents base, or 
IN-variable, and each 0=ix  non-base, or OUT- variable.  
Rearranging (2.25) to (2.26), help us to define the critical lines. The equations (2.25 a and 




















































If asset xi equal to zero, i.e. is not in the IN-set, it does not have any impact on portfolio 
variance, and the i-th row of the C matrix can be replaced by the identity vector ei. The 
vector ei  has one in its i-th position and zero in its other positions. Let denote the matrix C 
with the vectors ei for every i for which 0=ix  as C matrix. Let µ  be the µ  vector with its 
i-th row replaced by a zero-vector, for every i which is not in the IN-set. We define A ´ 
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matrix as A´ matrix with the i-th row replaced by a zero-vector, for every i not in the IN-







0  should be replaced with the downside bound 







0 does not 




































E   (2.27) 
 
For instance, if we have three assets and the second is IN, the first and the third is on the 


































































































































αkM 1 =⋅−  (2.31) 
βNM 1 =⋅− , (2.32) 
 
we can write: 
 
0βαY E ≥⋅+= λ . (2.33) 
 
In addition to (2.33), the equation (2.26 d) has to be satisfied, thus: 
 
0µAxCη E ≥⋅−⋅′−⋅= λλ  (2.34) 
 
Substituting vector Y gives: 
 
( ) { } 0µNMkMACη EE11 ≥⋅−⋅⋅+⋅⋅′= −− λλ        (2.35) 
 
We can simply write  
 
 Eλδγη ⋅+=  (2.36) 
 
Equations (2.33) and (2.36) express the Kuhn-Tucker conditions (2.25 a, b, d) for x and λ′  
linearly dependent only on Eλ . Markowitz called this system of equations "critical lines"
83. 
Portfolios with the same structure are defined as portfolios with the same assets in the IN–
set. As we change the value of Eλ -parameter, portfolio structure does not change with each 
Eλ , but it remains for certain interval identical. For a new portfolio structure, new critical 
lines must be calculated. The portfolios related to the Eλ  where the portfolio structure 
changes are called corner portfolios. These corner portfolios divide the Eλ  in piecewise 
intervals, therefore the efficient frontier is said to be segmented into linear segments.  
The relationship between Eλ  and µp, and condition (2.25 e) will be discussed later. 
                                                 




2.3.3 Efficient segment 
 
In the following, we determine intervals hiElow λλλ ≤≤  which satisfy (2.33) and (2.35). 
For any critical line we can define: 
 







>     (2.37) 
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Since in the case of portfolio selection merely x is a matter of interest and not the vector of 
Lagrange multipliers λ′− , only the leading n elements of the vector Y from (2.33) are 
investigated. 
When we consider a critical line on which: 
(i) hilow λλ < ,  
and additionally: 
(ii) there is no i such that 0βi = and 0αi < ; and 
(iii) there is no i such that 0δi = and 0γi < . 
If these conditions hold, then all portfolios are efficient which lie on the 














                                                 



































′−  (2.39) 
 
The following example with six assets demonstrates how an efficient segment could be 
determined. Let define the set of IN-assets as ∈IN {i=(1, 3, 4)}and set of OUT-assets as 
∈OUT {i=(2, 5, 6)}. Then, the lines labelled 1x , 3x , 4x , 2η , 5η , 6η show the their values 
as a function of Eλ . The values of 2x , 5x , 6x , 1η , 3η , 4η  are zero everywhere on this 
critical line, and are omitted from the figure. The values of λ′− are also omitted since they 
are not needed for the discussion here.  




E βα−=λ  (with 0β1 > )  (2.40) 
33
)3(
E βα−=λ  (with 0β3 > ) 
 44
)4(
E βα−=λ  (with 0β4 < ) 
22
)2(
E δγ−=λ  (with 0δ2 < ) 
55
)5(
E δγ−=λ  (with 0δ5 > ) 
66
)6(
E δγ−=λ  (with 0δ6 > ) 
 
We can see in the figure below that )3(Ea λλ = , 
)5(
Eb λλ = , 
)4(
Ec λλ = , 
)2(
Ed λλ = . Then, 
lowa λλ =  as it is minimum value from aλ and bλ , and highc λλ =  as it is maximum value 









 are efficient. In the example, we can see that 0≥ix  and 0ηi ≥  for 
=i 1,…6, and also 0E >λ . For all Eλ  above highλ  or below lowλ  the portfolios on the 
critical line have either some 0<ix or some 0ηi < . In the former case, the portfolio does 
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fulfill the non-negativity constraint; in the latter case it does not meet the Kuhn-Tucker 











                                                                                                                                         
  Eλ  
                                                 bλ    lowa λλ =  highc λλ =             dλ  
 
 
Figure 2.14: x, η along the critical lines85 
 
2.3.4 Adjacent efficient segments 
 
Now we explain how to obtain adjacent pieces of the set of efficient portfolios for 0>Eλ . 
We can start with any critical line l0 efficient on the interval 00 hiElow λλλ ≤≤ . Then, we 
can move in the direction of : 
A) decreasing Eλ  
B) increasing Eλ  
In both cases as Eλ  changes, x can change status in one of the following ways: 
1.) ix  on the downside bound 0=ix  may go in the portfolio, i.e. become IN. Then, we 







 Eδγη0 λ⋅+== . (2.41) 
                                                 








E −=λ . (2.42) 
 
2.)  IN-variable 0>ix may reach the downside bound zero. Then, the critical value of 
Eλ -parameter is reached, when xi = 0 that is when 
 
EβαY0 λ⋅+== . (2.43) 
 




E −=λ . (2.44) 
 
3.) Critical line is reached with 0=Eλ  or ∞=Eλ . 
In the case A1 the lower bound 1lowλ  of a new critical line l
1 is determined by an 
δ
γ
low −=λ , i.e. by 0ηi ≥  constraint. In the case A2 
1
lowλ  is determined by an β
α
E −=λ , 
i.e. by 0≥ix  constraint. We cannot decrease Eλ  below zero, so for the last Eλ  holds 
0=Eλ . If we decrease Eλ , the upper bound of new critical line l
1 is determined by 0lowλ , 
i.e. 01 lowhi λλ = . 
If we increase Eλ  (case B), the lower bound of new critical line 





hi λλ = . There are two possibilities how to find the upper bound 
1~
hiλ . In the first 
one (B1) by 
δ
γλ −=hi , and in the second one (B2) by β
αλ −=hi . In case B3 ∞=hiλ , the 
portfolio with maximum expected return has to be found.  
In this manner we obtain the efficiency interval 11 hiElow λλλ ≤≤ of a new critical line l
1 




low λλλ ≤≤ on the right side for increasing Eλ . To obtain successive critical lines, 
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the above process has to be repeated. Markowitz shows that adjacent segments of the 
efficient frontier transit continuously into each other86. 
Generally, if for some κ=i  on the old critical line l0 κx  moves from the IN-set to the 
OUT-set at 0lowE λλ = (
0
hiE λλ = ), in the new critical line l
1 ( 1
~
l ) related κη  will 
increase from zero at 0lowE λλ = (
0
hiE λλ = ) as Eλ  decreases (increases). If for some 
κ=i  on the old critical line l0 κη moves from the IN-set to the OUT–set at 
0
lowE λλ = (
0
hiE λλ = ), in the new critical line l
1 ( 1
~
l ) related κx  will increase from zero at 
0
lowE λλ = (
0
hiE λλ = ) as Eλ  decreases (increases). This implies that since l
0 satisfies 
conditions (i), (ii), (iii) of the theorem for portfolio efficiency on the critical line, so does l1 
( 1
~
l )87.             
In the following example (figure 2.15) we search for adjacent efficient segment on the left 
side to the initial one defined in the figure 2.14. Let denote this initial interval of Eλ  for 
efficient portfolios on this critical line l0 as 00 hiElow λλλ ≤≤ . If we decrease Eλ , the upper 
bound of new critical line l1 is determined by 0lowλ , i.e. 
01
lowhi λλ = .
 As we decrease 
Eλ  below 
0
lowλ , the variable 3x  determined 
0
lowλ  goes downward below zero (broken 
line), i.e. we have to delete it from the IN-set and move it to the OUT-set of assets where 
03 =x . At the same time the variable 3η , now free to vary, moves upward from zero. 
Since 3η  increases from its zero value, the points on the critical line l
1 are efficient as Eλ  
decreases from 1hiλ  until 
1
lowλ  is reached. In the example 
1
lowλ  is determined by 5η , 
which goes below zero, i.e. such portfolios would not fulfil the Kuhn-Tucker conditions of 
efficiency (2.26). It means that 5x  has to be deleted from the OUT-set and moved into the 
IN-set of l2 where 0η5 = , i.e. 5x  is now free to vary above zero in the new critical line l
2.  
The broken lines depict the values for the critical lines beyond the values of Eλ  for which 
they satisfies the Kuhn-Tucker conditions. 
The process above can be repeated, obtaining successive critical lines l1, l2, l3, l4 etc. until a 
critical line for 0E =λ  is reached. 
Similarly, we could proceed for the adjacent efficient segment on the right side to the 
initial one, i.e. we would move in the direction of increasing Eλ . So we would obtain 
                                                 
86 Markowitz (1987), p. 157-166 
87 Markowitz (1987), p. 172 
 
46 
successive critical lines 4
~3~2~1~ l,l,l,l  etc. until a critical line for ∞=Eλ is reached. If the 
expected portfolio return were bounded from above, x would not vary on critical line with 
∞=Eλ . Then, this x is an efficient portfolio with maximum feasible expected portfolio 
return. 
As on the left side we are forced to stop by the portfolio with minimum risk for 0=Eλ , 
and on the right side by the portfolio with maximum expected return for ∞=Eλ , the 
finiteness of this algorithm is guaranteed. 
 
 
                                                                                η6          
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Figure 2.15: Adjacent efficient segments 
 
The corner portfolios are determined by the values of Eλ , where the adjacent critical lines 
intersect, i.e. by lowλ  ( hiλ ). Generally, if we want to find a composition of the efficient 




EE λλλ =  defined by some corner 
portfolios, it can be simply obtained by convex combination of the corner portfolios 
ud xx , related to dEλ and 
u






EE ∈⋅−+⋅= λλλ . (2.45) 
 
Hence, for x̂  holds: 
 
)1;0(z,x)z1(xzx̂ ud ∈⋅−+⋅= . (2.46) 
 
Then, the portfolio variance and expected return can be obtained by the substitution of x̂  
into the equations:  
 
x̂C)x̂(ˆ T2 ⋅⋅=σ  (2.47) 
x̂µµ̂ Tp ⋅= . (2.48) 
 
This algorithm guarantees that the Kuhn-Tucker conditions in (2.25) are satisfied, but the 
equation (2.25 e) is not explicitly satisfied. However, it can be shown that Eλ  and µp are in 
positive relationship, so the increase of Eλ  will lead to the increase in portfolio expected 
return µp. This implies that for each given E a Eλ can be found such that (2.25 e) holds, too.  
Substituting the top n rows of the vector Y into (2.25 e) provides: 
 
Ep λβµαµµ ⋅⋅+⋅=  (2.49) 
 













3 GENERAL RISK AND VALUE ANALYSIS IN 
PORTFOLIO CONTEXT 
 
3.1 Portfolio models as decision models under risk 
 
The essential goal of the portfolio models is to optimally allocate investments between 
different assets. In general, portfolio models can be classified as a tool for solving specific 
problem of decision under risk. Decision theory is a body of knowledge and related 
analytical techniques of different degrees of formality designed to help a decision maker 
choose among a set of alternatives in light of their possible consequences. In decision 
under risk each alternative will have one of several possible consequences with known 
probability of occurrence. Therefore, each alternative is associated with a probability 
distribution, and decision is a choice among probability distributions88.  
The ranking of alternatives is produced in order of desirability by using a criterion - 
normative rule or standard - that has to be consistent with the decision maker’s objectives 
and preferences. Based on criteria we can formulate preference functional φ(x)  evaluating 
risky random variable x. Then, a decision maker is interested in its maximization: 
 
Max φ(x) .                 (3.1) 
 
Already at the beginning of the decision theory the preference functional was proposed that 
depends only on some parameters and not on entire probability distribution. Then, for the 
distribution of x a preference functional φ(x)  is defined, which depends on the parameters 
nπππ ,..., 21 : 
 
](x)(x),...ππ(x),f[πφ(x) n21=               (3.2) 
 
Its basic type represents preference functional in the (Value, Risk)- model and preference 
functional in the model of expected utility89. 
                                                 
88 Bamberg/Coeneberg (1977), p.66 
89 Albrecht (1994), p.2 
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In the (Value, Risk)- models90 the evaluation of random variable is based on the preference 
functional91: 
 
R(x)]f[W(x),φ(x) =                 (3.3) 
 
where R(x) is a risk measure and W(x) value measure of related probability distribution. A 
function f quantifies the trade-off between risk and value. In general, portfolio models can 
be classified as (Value, Risk)- models. 
Models of expected utility are based on comprehensive evaluation of random variable. 
Each realisation from the probability distribution a certain utility value is assigned. Thus, a 
utility function U(x) quantifies decision maker’s preferences for the mutually exclusive 
consequences of an alternative. In this case the preference functional is defined as the 
expected value of the utility function U(x): 
 
E[u(x)]φ(x) =                 (3.4) 
 
The alternative with the highest expected utility )]([ xuE  is considered as the most 
preferable (Bernoulli’s principle). 
The computational efficiency by the portfolio optimization forces us to apply preference 
functional based on the parameters of probability distribution which are most commonly 
value and risk. Thereby a lot of information gets lost, so it is necessary to examine whether 
these simplifying decision principles are congruent with the decision principles based on 
comprehensive information about entire probability distribution. This means (Value, Risk)- 
portfolio models have to be examined on congruency with the Bernoulli’s decision 
principle or/and decision rules of stochastic dominance92. 
The importance of the decision criteria value and risk in the portfolio optimization 
represents the incentive to give their overview and analysis in this chapter. Based on this 
analysis, decisive ways in the approaches to the portfolio optimization are derived. 
 
                                                 
90 Model: an object or process which shares crucial properties of an original, modelled object or process, but 
is easier to manipulate or understand.  
91 Sarin/Weber (1993), p. 135-149 
92 Bernoulli’s decision principle and decision rules of stochastic dominance are described in the appendix.  
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3.2 Risk analysis 
 
In contrast to investment value, the interpretation of investment risk becomes more and 
more discussed, and now represents the crucial problem in the portfolio theory and praxis. 
Different risk understandings and related risk measures lead to numerous variants of 
portfolio models. Consequently, above all a proper risk analysis should contribute to better 
understanding and adequate application of different portfolio models. 
 
3.2.1 Risk understanding 
 
The risk term can be defined according to its attributes in the following ways: 
(a) Risk related to the investment objectives93 
Risk protection should not be understood as a separate objective, but always in 
relation to other investment objectives. So, we can formulate the safety of some 
other investment goal as a stand-alone objective, e.g. the safety of profitability, 
safety of liquidity, safety of manageability. Here, the safety is understood as a 
complement to the risk. The most commonly, risk is defined in relation to the 
profitability, i.e. in relation to the variability of future value of an investment 
position due to uncertain future events.  
(b) Risk related to the satisfaction of investor’s requirements94 
Risk is explained as a danger of diminution of satisfaction of investor’s 
requirements. Most commonly it is defined as a danger of loss. 
(c) Risk related to the results95 
Risk arises by the decision in uncertain situation (result), and not already by the 
existence of uncertain situation (cause). 
(d) Risk in relation to the causes96 
The fundamental risks like inflation risk, foreign currency risk or political risk try 
to explain causalities in uncertain situations. 
                                                 
93 Ruda (1988), p. 17 
94 Kupsch (1973), p. 50 
95 Kupsch (1973), p. 28 
96 Rehkugler/Füss (1998), p. 134 
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3.2.2 Risk measurement 
 
Now, we move from the risk understanding to the risk quantification. An objective and 
related objective function has to be determined by an investment decision in order to obtain 
a reference point for measurement of deviations. In this context, the main objective types 
can be classified as97: 
1. Point objectives:   Risk is measured as a deviation from a point value. 
2. Aspiration level objectives:  a) Risk measure captures downside deviations from  
the lowest aspiration level. 
b) Risk measure captures upside deviations from the 
highest aspiration level. 
3. Interval objectives:   a) Risk is computed as falling outside an interval. 
                                  b) Risk is computed as falling inside an interval. 
4. Optimization objectives:  a) Risk is calculated as a deviation from maximum  
value. 
                                   b) Risk is calculated as a deviation from minimum  
value.  
As in the decision theory and also modern portfolio theory risk means uncertainty with 
known probability distribution, we have to relate these objective types and objective 
functions to return probability distribution. Then, not the probability distribution itself, but 
relevant risk induced by the probability distribution determines the risk measurement. The 
undesirable part of return probability distribution is defined by the objectives of decision 










                                                 












                                                              τ    µ                                                         r 
 
 
Figure 3.1: Point and aspiration level objective related to return probability distribution 
(aspiration level τ, point objective µ) 
 
On the one side, risk criteria could be differentiated according to the part of return 
distribution they capture, on the other side, according to the manner of risk assessment in 
relevant part of return distribution.  
The type of objective function defines a part of probability distribution relevant for risk 
measurement. For simplicity, the optimization objectives can be considered as a special 
case of the aspiration level objectives when the maximum return is set as the aspiration 
level. Also the interval objectives could be measured as falling below the lowest aspiration 
level or exceeding the highest aspiration level. Consequently, we can consider downward 
part, upward part and whole return probability distribution in the risk and value 
measurement (see table 3.1). As the upward part is rarely interpreted as risky, relevant 
parts of return distribution for the risk measurement can be defined as the downward part 
and entire distribution. The upward part of distribution will be discussed later in the value 
analysis.  
By the decision about appropriate risk measure, investor has to take into account that in the 
optimization algorithm this risk measure will be minimized, and with it also the related 
part of return distribution.  
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The risk in the relevant part of return distribution can be assessed directly as by the 
application of the stochastic dominance criteria98. Otherwise, it can be approximated by the 
statistical parameters of return distribution.  
 
3.2.2.1  Both–side risk measures  
 
General form of risk measure with the point objective is obtained by the evaluation of 





−=  (3.5) 
 





s pτ)f(rF ⋅−= ∑
=
  (3.6) 
 with    τ : reference point  
rs: asset return in the s-th state 
S: number of states 
ps: probability of s-th state 
 












Specifying f as a power function, we obtain the moments of return distribution. The 
exponent a in the formula represents the degree of the moment. In the discrete form we 
have99: 
 
                                                 
98 Appendix A: Decision rules of stochastic dominance 


















1τ)M(a,   (3.9) 
 
The moments taking as a reference point the mean are called the central moments100. The 
most commonly utilized moments in finance represent: deviation probability, mean 
deviation, variance, skewness and kurtosis. 
 
Deviation probability 









This measure quantifies the intensity, but not the extension of missing the reference point. 
 
Mean deviation 
The mean deviation is a measure of distance of each return observation from the mean, and 
represents the first parametric statistic101. As the sum of deviations from the mean is 










The variance quantifies squared return dispersions around the mean weighted by their 
probabilities102: 
                                                 
100 Detailed description of all central moments e.g. in: Hartung (1991), p.41-49, Vogel (1992), p.96-100 
101 Parametric statistic used one value as a reference for determining other values. 












The square root of the variance is termed as the standard deviation σ . 
 
Skewness 







ϕ   (3.13) 
 











= = . (3.14) 
 
When the skewness is positive, the upside returns occur in larger magnitudes than the 
downside returns, and the return distribution has a long tail on the right side. Because the 
mean exceeds the median103, more returns are below the mean, but they are of smaller 
magnitude than fewer returns above the mean. The opposite holds for negative skewness. 
All symmetric probability distributions exhibit skewness of zero. The most commonly, 
investors prefer assets with positively skewed return distribution. 
 
Kurtosis 








ϖ  (3.15) 
 
The standardized excess kurtosis is given as: 
                                                 














= =ϖ . (3.16) 
 
Kurtosis is often utilized as a measure of the degree of fat tails in return distribution. A 
leptokurtic distribution with wide tails and tall narrow peak has positive kurtosis. 
Compared with the normal distribution with zero excess kurtosis, a larger fraction of 
returns are at the extremes rather than slightly above or below the mean of distribution. A 
distribution with thin tails and relatively flat, wide middle has negative kurtosis and is 
called platykurtic. In relation to the normal distribution, a larger fraction of returns are 
clustered around the mean. 
 
3.2.2.2  Lower partial measures  
 
When investment objective is defined as the aspiration return level, risk is measured in the 
downside part of return distribution as falling below this aspiration return τ . General 
continuous form of such shortfall risk measures (or lower partial measures) is obtained by 
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with      τ:  minimal aspiration return level (target return) 




Lower partial moments 
 
Its most common form is the lower partial moment (LPM) where the function g is defined 
as a power function. Bawa104 and Fishburn105, in developing the relationship between LPM 
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1LPM . (3.22) 
 
The minimal aspiration return level divides all possible return outcomes on losses which 
are lower than τ, and gains which than higher than τ. Thus, its economic plausibility arises 
only by its correspondence with the lowest acceptable return necessary to accomplish 
financial goal.  
From plenty of lower partial moments we introduce shortly the most commonly used: 
shortfall probability, shortfall expectation and shortfall variance. 
 
Shortfall probability (LPM0) 
Setting parameter of risk aversion equal to zero, we obtain a measure of shortfall risk 









                                                 
104 Bawa (1978), p. 255-271 
105 Fishburn (1977), p.116-125 
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Applying this measure means that every shortfall is valued identically without 
consideration of its magnitude, and thus only the intensity of shortfall is relevant. 
 
Shortfall expectation (LPM1) 
Shortfall expectation (called also lower partial expectation, shortfall magnitude, target 
shortfall) is a measure of falling short of the minimal aspiration return, whereas shortfalls 










Shortfall variance (LPM2) 
Shortfall variance (called also lower partial variance, target semivariance, relative 
semivariance, below-target semivariance) captures squared downside return deviations 
from the minimal aspiration return. Then, greater downside deviations are penalized 










3.2.2.3   Market risk measures 
 
Beta  
Market risk remains even when the portfolio is fully diversified. Beta is the measure of 
such undiversifiable or systematic risk of assets106. It shows the covariance between the 






σβ =  (3.26) 
 
The beta plays a crucial role in the asset pricing in the CAPM. The portfolio optimization 
makes use of the beta indirectly - as a mean to estimate the expected return and variance in 
                                                 
106 Hielscher (1988), p. 35 
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the market index model. Sharpe justified its direct application for widely diversified 
portfolios which leads to the (µ, β)- efficient frontier. 
 
Downside beta 

























From its definition, a particular security contributes to the market risk when its return ri, as 
well as the market return rM, are below τ. When ri>τ and rM<τ, security reduces the market 
risk. 
 
3.2.2.4 Other risk measures 
 
From the variety of other risk measures only the most discussed ones by the portfolio 
optimization are addressed here. 
 
Value at Risk 
Value at Risk108 (VaR) is closely related to the shortfall probability LPM0,τ. VaR is the 
value of potential loss of capital investment that is exceeded by only a given very small 
probability α (1% or 5%). Therefore, VaR indicates an exceptionally high loss.  
 
α = P(r < VaR) (3.28) 
α = F(VaR) 
VaR = F-1 (α) 
 
Using VaR as a minimum return by computing LPM0,τ, it is straightforward to express the 
relation between these two concepts109: 
                                                 
107 Harlow (1989), p. 290 
108The Basle Committee on Banking Supervision recommends VaR as a suitable method for risk 
measurement. So, its usual application is the measurement of the risk of the trading book of bank. 
109 Schröder (2003), p.3 
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LPM0,τ = P(r < τ) = P(r < VaR) = F(VaR) 
VaR = F-1(LPM0,τ )     
 
The formulas show that LPM0,τ and VaR are directly related via cumulative distribution 
function (F). Fixing VaR, LPM0,τ gives the probability to fall short of the VaR-value. 
Fixing the probability of LPM0,τ , the corresponding VaR can be calculated. 










CVaR averages VaRs with some confidence interval which ranges from 1-α to 1. Thus, 
CVaR can be understood as the expected loss relatively to the chosen reference point with 
the probability from 0 to α.    
 
Tracking error 
Most commonly, the mean absolute deviation tracking error or tracking error standard 
deviation is understood under the term of tracking error. The former requires computation 
of the sum of positive and negative deviations of portfolio returns from returns of 
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 (3.31) 
                                                 
110 Kroll/Kaplanski (2001), p. 4 
111 Rudolf (1994), p. 135  
112 Roll (1992), p. 13-22 
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The downside mean absolute tracking error captures absolute values of downside return 
deviations from benchmark returns.  
 
Gini-mean difference  
Gini- mean difference measures the expected value of the absolute difference between 









1Γ . (3.32) 
 
Entropy 






ss )ln(ppEn  (3.33) 
 
The advantage of the entropy relies on the distribution free nature. It can be computed also 
from non-metric data.  
 
Worst-case scenario 
Worst-case scenario can be seen as a special case of the lower partial moment for an 
investor with infinitely great risk aversion, ∞→α 115. Approximately, it can be written as: 
 
r̂τWCS −= , (3.34) 
 
with r̂ as the lowest return. 
 
Minimum return 
The lowest return r̂  also appears as a separate risk measure in the literature. As an 
example can be mentioned the investment strategy of maximization of minimal return116.  
 
                                                 
113 Shalit/Yitzhaki (1989), p. 15-31 
114 Phillippatos/Gressis (1975), p. 617—625 
115 Boudoukh/Richardson/Whitelaw, 1995, p. 100-101 
116 Young (1998), p. 673–683 
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3.2.3 Coherent risk measures 
 
From a regulatory perspective, with the introduction of the term of coherent risk measure 
Artzner, Delbaen, Eber and Heath advocated a set of consistency rules for risk 
quantification, and thereby provided a unified framework for analysis, construction and 
implementation of risk measures. Thus, subjective risk measures can be evaluated to a 
certain extent objectively. 
Artzner et al.117 defines risk measure ρ as mapping from Ω  into ℜ , where Ω  is the set of 
all risks. Then, the number ρ(X) assigned by the measure ρ to the risk of X will be 
interpreted as the minimum extra cash the agent has to add to the risky position X to make 
the investment X+ρ(X) “acceptable”. The random variable X can be interpreted as a final 
net worth of the position, and ρ(X) as a reserve capital.  
A risk measure ρ(X) satisfying following axioms is called coherent118: 
Axiom T.: Translation invariance. 
For all ΩX ∈  and all real numbers α , we have αρ(X)r)αρ(X −=⋅+ . 
By adding a sure return rα ⋅  to a random return X, the risk ρ(x) decreases by α. This implies 
that there is no additional capital requirement for an additional risk for which there is no 
uncertainty. 
Axiom S.: Subadditivity. 
For all ΩX,X 21 ∈ , ).ρ(X)ρ(X)Xρ(X 2121 +≤+  
In short form it means that “merger does not create extra risk”. So, due to the risk 
diversification, the risk of portfolio will not be higher than the sum of risks of individual 
assets.  
Axiom PH.: Positive homogeneity. 
For all 0λ ≥ and all ΩX ∈ , ρ(X)λX)ρ(λ ⋅=⋅ . 
This axiom takes position size into account, saying that the capital requirement should not 
depend of scale changes in the unit in which the risk is measured. For example, if position 
is large enough that the time required to liquidate it depends on its size, we should consider 
the consequences of the lack of liquidity in the risk measure.  
Axiom M.: Monotonicity. 
For all Ω,X,X 21 ∈  with 21 XX ≤ , we have )ρ(X)ρ(X 12 ≤ .  
                                                 
117 Artzner/Delbaen/Eber/Heath (1999), p.207 
118 Artzner/Delbaen/Eber (1999), p.209-211 
 
63 
If one risk has always greater losses than another risk (i.e. dominates stochastically), the 
capital requirement should be greater.  
The examination of the most commonly applied risk measures on the coherency reveals its 
rather strict definition. 
Variance (standard deviation): Although the subadditivity and positive homogeneity is 
fulfilled, translation invariance and monotonicity are violated due to the symmetric nature 
of variance119. 
Lower partial moment: In fact, any coherent risk measure of the form E[g(X)]ρ(X) =  for 
some real-valued function g has to be linear since the translation property implies 
αg(0))g(0 −=+α . Thus, only shortfall expectation τ,1LPM  with linear exponent a=1 is a 
coherent risk measure120. 
Value at Risk: Although VaR satisfies translation property, positive homogeneity and 
monotonicity, it is not coherent due to the non-subadditivity. However, its modification, 
conditional value at risk, fulfills all axioms defining coherent risk measure121. 
Stochastic dominance: Stochastic dominance represents certain pre-orders on sets of 
probability distributions. These orderings are not vector orderings on the space of simple 
random variables, and then do not lead to coherent risk measure122. 
Examples of coherent risk measures: 
- Expected shortfall τ,1LPM  
- Conditional Value at Risk 
- Maximal loss  
- Risk measure similar to the semivariance123:  
(X)sE(X))ρ(X ρ+−=      (3.35) 
with ]X);0))E[max((E(Xρ(X)s 2−=  
 
3.2.4 Empirical studies of risk understanding and measuring 
 
From a plenty of empirical studies of risk understanding we present two which characterise 
also the findings of other ones in the recent years124.   
                                                 
119 Lucas (2003), p. 2 
120 Let assume g is non-linear, e.g. power function of degree two 2)(g αα = , then it should be valid    
   αα −= 22 0 . But this is valid only for the linear function. 
121 Uryasev (2003), p.63; Artzner/Delbaen/Eber/Heath (1999), p. 203-228 
122 Jaschke/Küchler (1999), p. 19  
123 Fischer(2002), p. 13 
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Rehkugler and Füss125 examine risk perception of standard private investors and banks. 
Both groups understand risk mostly as not achieving some aspiration return level. By 
private investors risk related to the results is more in the foreground than by banks. Merely, 
investors fear to lose the invested capital in nominal terms (negative return) or in relative 
terms (return under the inflation rate). In contrast, credit institutions appear to connect risk 















































Figure 3.2: Empirical study of risk understanding 126 
 
Unser127 examines experimentally risk perception of about 200 private investors in a stock 
market context. He finds that symmetrical risk measures like variance can be clearly 
dismissed in favor of intuitively more appealing shortfall measures. Then, positive 
deviations from an individual reference point tend to decrease risk. The reference point of 
individuals for defining losses is rather the initial price in a time series of stock prices and 
not the distribution’s mean.  
 
                                                                                                                                                    
124Cooley (1977), p. 67-78; Fishburn (1982), p. 226-242, Fishburn (1984) p. 396-406; Weber/Milliman 
(1997), 1997, p. 123-144; Sitkin/Weingart (1995), p. 1573-1592 etc.  
125 Rehkugler/Füss (1998), p. 128-160 
126 Rehkugler/Füss (1998), p. 140 
127 Unser (1998), p. 1-27 
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3.3  Value analysis 
 
Value measures the investment’s profitability which can be interpreted as an increase of 
wealth of capital investment128. The profitability is quantified on the basis of initial and 
final wealth of investment and length of holding period. Most commonly used measure of 
investment value is the mean. The mean as well as the median and mode inform about the 
location of the distribution’s centre. Markowitz129 meant that with certain types of data 
distributions, the median or mode might be better estimators of the central tendency than 
the sample mean. 
 
3.3.1 Measures of central tendency 
 
Mean 
The mean return gives a value around which returns cluster. Mean value of return 
probability distribution is called the expected return, and is computed as a sum of possible 









The expected return can be estimated from the average of sample of T-historical returns. 














with    rt:       simple return 
 
In case of any payments until T, the geometric average return can be simplified as: 
 
                                                 
128 Schmidt von Rhein (1996), p. 125 
129 Markowitz (1952), p. 52 








geom −=  
with  PT: investment value in time T 
 P0: investment value in time 0 
 
By the arithmetic average return an investor does not plough back returns rt. In the 
contrary, the geometric average return assumes immediate reinvestment of rt. 
The return rt in the t-th period can be computed as the simple return (percentage price 










r , (3.39) 
 

















R  (3.40) 
with  Dt: capital yields in time t 
 
The continuous return Rp,t of a portfolio is related to the continuous returns Ri,t of the single 

















,ln               (3.41) 
 
where x are the fractions of the invested capital. Because of the nonlinearity of Rp,t  capital 
market researchers and finance practitioners prefer to work with simple returns rt. With 
this notion of returns, we have a linear relation between the returns of the single stocks and 









,,              (3.42) 
                                                 
131 Bauer (1992), p. 15: Geometric average of simple returns equals arithmetic average of continuous return. 
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This relation is also referred to as the additivity property within portfolios.  
The continuous returns have some preferable characteristics e.g.: the statistical properties 
around annualizing are much easier to handle than those of the simple return; their time 
additivity is suited for time series models; they are also the correct return term for the 
Black/Scholes world. Despite of this, the portfolio models analyzed in this work make use 
of this simple linear structure of the portfolio return. This is in accordance with Markowitz 
(1992), expected utility hypothesis and application of prevailing number of portfolio 
managers. From a decision theoretic point of view, (µ ,σ)- rules are compatible with the 
expected utility hypothesis if we stay in the framework of simple returns rt. The simple 
return is to be used whenever portfolio aspects are the topic of interest. The comfortable 
portfolio additivity property cannot be transferred to the continuous returns as an 
approximation unless there is strong evidence for doing so132. 
 
Median 
The median stands for middle return of return probability distribution, so 50% of return 
observations is greater (or equal), and 50% is lower (or equal) than median. The 
disadvantage of the median return is its insensitivity to changes as long as they do not 
affect the midpoint of the distribution.  
 
Modus 
The modus gives the return occurring with the highest probability. Possible occurrence of 
more than one mode in one return probability distribution may complicate its evaluation. 
 
3.3.2 Upper partial measures  
 
Decision maker who fears to fall below the minimal aspiration return τ perceives its 
exceeding as a chance. Then, measures providing us with the important information about 
how often and how far investor wants to exceed the minimal aspiration return can be called 
upper partial measures or measures of chance potential, and in the general continuous form 
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Figure 3.3: Chance potential   
 
The upper partial moments as a counterpart to the lower partial moments are good 
candidates for the measures of chance potential.   
 
Upper Partial Moments  
 
Capturing upside return deviations from the lowest aspiration return weighted by their 






  (3.44) 
 




















1UPM  (3.46) 
with c: degree of chance potential seeking 
 
The chance probability UPM0,τ, chance expectation UPM1,τ and chance variance UPM2,τ 
can be defined as complements of the mostly used lower partial moments. 
In contrast to the shortfall risk, the literature on chance potential is very modest. According 
to my knowledge, the upper partial measure has been only applied as a part of performance 























The numerator of this ratio is the expected return above the τ, and thus linear UPM1,τ, and 
the denominator is the square root of the shortfall variance. Sortino proposed the upside 
potential ratio to supplant the other performance measure which penalize the manager for 
performance above the benchmark. Apart from the fact that this upside potential was not 
applied in the portfolio optimization, it represents only one possibility in the general 
context of chance potential measures described above. 
 
3.4. Main approaches in the portfolio optimization according to the risk 
and value 
 
Firstly, we summarizes the risk and value measures applied in the portfolio optimization 
which are discussed above (table 3.1).  
                                                 
133 Sortino (1999), p. 54  
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 Stochastic  
Dominance  
 














Shortfall variance 140 
Shortfall skewness141 
Shortfall kurtosis142 
Prob. of deviation  





















Mean abs. semideviation149 
Minimum return150 
Value at Risk151  
Conditional Value at Risk152










Table 3.1: Measures of the value (on grey) and risk (on white) applied in the portfolio 
optimization 
                                                 
134 For the application of the chance potential measure in the portfolio optimization see the chapter 5. 
135 Markowitz (1952), p. 50-55 
136 Markowitz (1952), p. 50-55 
137 Markowitz (1952), p. 50-55 
138 Roy (1952), p. 431-449; Telser (1955), p. 1-16; Kataoka (1963), p. 181-196; Leibowitz/Henrickson 
(1989), p. 34-41; Leibowitz/Kogelmann/Bader (1991), p. 28-37; Rudolf (1994), p. 103-139; 
Jäger/Rudolf/Zimmermann (1995), p. 1-20; Reichling (1996), p. 31-54 
139 Ang (1975), p. 849-857 
140 Bawa (1978), p. 255-271; Hogan/Warren (1972), p. 1-11 
141 Nawrocki (1991), p. 465-470 
142 Nawrocki (1991), p. 465-470 
143 Ogryczak/Ruszczynski (1999), p. 33-50; Konno/Yamazaki (1991), p. 519-531 
144 Markowitz (1952), p. 72-101 
145 Konno/Shirakawa/Yamazaki (1993), p. 205-220 
146 Athayde/Flores (2002), p. 1-20 
147 Harlow (1989), p. 285-311 
148 Sharpe (1970), p. 128 
149 Konno/Gotoh (2000), p. 289-301 
150 Young (1998), p. 673–683 
151 Basak/Shapiro (1998), p. 1-25 
152 Kroll/Kaplanski (1998), p. 1-34; Rockafellar/Uryasev (2001), p. 1-25  
153 Rudolf (1994), p. 135 
154 Boudoukh/Richardson/Whitelaw (1995), p. 100-101 
155 Young (1998), p. 673-683 
156 Shalit/Yitzhaki (1989), p. 15-31 
157 Philippatos/Wilson (1972), p. 209-220, Philippatos/Gressis (1975), p. 617-625 
158 Rudolf (1994), p. 130 
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The emphasize on the portfolio optimization in this summary should avoid reproach of the 
exclusion of some other risk measures used in the risk or asset management but not in the 
portfolio models in the current literature. The footnote refer to the literature with portfolio 
model using the measure. 
The decisive ways how to capture risk are reflected in the main approaches in the portfolio 
optimization appearing in the literature:  
• Approach based on both-side risk  
The first approach is orientated on the risk characterized as the both-side oscillation 
about some reference point. Risk measured by the variance in the Markowitz’s 
(µ,σ)- portfolio model is the most popular model of this approach.  
• Approach based on shortfall (downside) risk  
Essential for the second one is the risk measure relied on results and probabilities 
below some reference point that is selected either subjectively or objectively. The 
following chapter is devoted to such downside risk-based portfolio model. 
In the literature on portfolio optimization merely the expected return is utilized as the 
measure of value, therefore only risk measure is taken here as the criterion for 
classification of the approaches to portfolio optimization. However, in the last part of this 
thesis portfolio model based on the upper partial moments is developed and tested, 

















4  PORTFOLIO SELECTION BASED ON THE MEAN  
AND SHORTFALL RISK 
 
The core of this chapter, the asset allocation based on the shortfall risk, lays the foundation 
of the development of the portfolio model in the next chapter. The results of the previous 
chapter elucidate the importance of this approach in the portfolio selection. In the 
following, the reader will be inducted into the essential aspects of the (µ, LPM)- portfolio 
model which, on the one side, enables its critical review, and on the other side, provides a 
platform for its later application in the practice of portfolio management.  
Firstly, a short overview of the literature about portfolio optimization based on the 
downside risk measures is presented. The following introduction to the “safety-first” 
decision criteria - the origin of the idea of downside risk - should contribute to a better 
understanding of the asset allocation based on the downside risk.  
After the description of the fundamentals of the (µ, LPM)- portfolio model, the section 4.4 
discusses its risk and value decision criteria. The shortfall risks aggregated in the lower 
partial moments (LPM) are understood as the danger of not achieving an investor’s 
minimal aspiration return necessary to accomplish his financial objectives. The modifiable 
risk measure LPM enables the investor to adequately map real decision situations, which 
results in the bright spectrum of Bernoulli’s utility functions congruent with the (µ, LPM)- 
portfolio model. This section shows that the elimination of the assumption of normally 
distributed returns in the (µ, LPM)- model allows the correct allocation of assets with non-
normally distributed returns as e.g. financial derivatives, real estate, many types of fixed 
return assets and assets on emerging markets. One of the aim of this chapter is to provide 
more insight into the risk diversification of the (µ, LPM)- model since in the extant 
literature it has not been clarified properly. With the co-downside risk, we measure return 
co-movements in the downside part of return distributions. Hence, it captures the 
asymmetry in return dependence.  
The short description of the optimization algorithm for the (µ, LPM)- portfolio selection in 
the section 4.5 should help practitioners to implement this portfolio strategy. 
The key criterion for applying certain portfolio models in the practice is the realized 
performance, therefore the empirical study of the out-of-sample performance of the 
(µ,LPM)- portfolio model in comparison with this of the (µ, σ)- portfolio model is 
accomplished at the end of this chapter.  
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4.1 Overview of the literature  
 
The idea of downside risk occured in academic research at the same time (1952) as the 
Markowitz’s portfolio model. The starting point is the concept which assumes that 
investors prefer safety of principle first in the decision situations under risk. Contrary to 
Markowitz, who based his theory on the maximization of the expected utility, Roy did not 
believe that this was a practical method for asset allocation. He stated “A man who seeks 
advice about his action will not be grateful for the suggestion that he has to maximize 
expected utility”159. Instead of the expected utility maximization, he proposed the concept 
of safety of principal. To conserve this principle, a minimal acceptable return – the disaster 
level – has to be set. Then, the investor prefers the portfolio with the smallest probability of 
falling below this disaster level160. The probability of disaster plays also the key role in the 
Kataoka’s criterion161: the portfolio has to be chosen which achieves from available 
efficient portfolios on the (µ, σ)- efficient frontier the highest target return (disaster level) 
for a predetermined probability of disaster. Also Telser162 applied the probability of 
disaster, but the selected portfolio is expected to achieve the highest return for a given 
probability of failing to achieve a predetermined disaster level.   
“Safety first” approach was taken up later by Leibowitz and Henriksson163, and was 
renamed “shortfall risk”. They paid special attention to the asset-liability management, 
where not asset return but surplus – difference of the market value of assets and liabilities – 
is relevant. In this surplus management approach, the benchmark is defined as the 
liabilities and is assumed to randomly fluctuate. The stochastic target return was addressed 
later by Leibowitz, Kogelman and Bader164 and Jaeger and Zimmermann165. 
An extensive overview of the literature in safety first is given in Albrecht166, Reichling167, 
Hagigi and Kluger168 etc. 
                                                 
159 Roy (1952), p. 433 
160 Markowitz recognized that if Roy’s objective had been to trace out efficient set, we would be calling it 
“Roy’s portfolio theory”. 
161 Kataoka (1966), p. 181-196 
162 Tesler (1955), p. 1-16 
163 Leibowitz/Henriksson (1989), p. 34-41 
164 Leibowitz/Kogelman/Bader (1991), p. 28-37 
165 Jaeger/Zimmermann (1992), p. 355-365 
166 Albrecht (1992), p. 417-430 
167 Reichling (1996), p. 31-54 
168 Hagigi/Kluger (1987), p. 34-40  
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In spite of the serious disadvantage of the probability of shortfall that it is not affected by 
the extension of failing to attain the target return, it belongs to the most important decision 
criteria in the practical credit portfolio optimization and risk management169.   
Markowitz170 recognized the plausibility of the idea of downside risk, and suggested two 
measures: below-mean semivariance and below-target semivariance, both capturing 
squared return deviations below mean or target return, respectively. However, he stayed 
with the computationally more convenient and familiar variance, measuring both-sides 
squared return deviations. The most important limitation of the portfolio semivariance 
proposed by Markowitz is that it depends on asset weights. In his later proposal171, the co-
movements between individual asset returns falling below the target are not quantified, and 
therefore risk diversification is not reflected in the portfolio optimization. Quirk and 
Saposnikov172 demonstrate the theoretical superiority of the semivariance over the 
variance. 
Hanoch and Levy173 were the first to show that additional moments of return distribution 
may matter in the mean-variance analysis if the underlying distribution is not normal or if 
the investor’s utility function is not quadratic.  
The modern era of downside risk research began with the generalized concept of downside 
risk defined by the lower partial moment (LPM) developed by Bawa174 and Fishburn175. 
They derived the relationship between LPM and stochastic dominance, and proved that 
decisions taken on the basis of LPM (a=0, 1, 2) are consistent with the stochastically 
dominant decisions (the 1st, 2nd, 3rd degree)176. Fishburn derived utility functions 
congruent with the expected utility model, and stated that LPM encompasses a significant 
number of von Neumann-Morgenstern’s utility functions representing risk seeking, risk 
neutrality and risk aversion. Bawa and Lindberg177 took account of the downside risk 
diversification, and proposed the measure of return co-movements below the target return.  
Bookstaber and Clarke’s 178 research on optioned portfolios revealed the necessity of the 
consideration of additional moments of return distribution.  
                                                 
169 e.g. Basel II of The Basel Committee on Banking Supervision 
170 Markowitz (1952), p.188-201 
171 Markowitz (1993), p.311  
172Quirk/Saposnik (1962), p. 140-146 
173 Hanoch/Levy (1969), p. 335–346 
174 Bawa (1975), p. 95-121 
175 Fishburn (1977), p.116-126 
176 More about the relationship between LPM and stochastic dominance in the chapter 4.4.3.2 
177 Bawa/Lindberg (1977), p.189-200 
178 Bookstaber/Clarke (1995), p. 469-492 
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Asset pricing model in the generalized (µ, LPM)- framework was developed by Harlow 
and Rao179. A large class of extant asset pricing models using alternative risk measures 
(variance, semivariance, shortfall probability etc.) becomes its special cases. In the same 
way as the CAPM, the expected portfolio return is linearly dependent on the changes in the 
market portfolio. The beta factor of CAPM is modified to the downside beta - the 
generalized co-lower partial moment between the market portfolio and portfolio divided by 
the generalized lower partial moment of the market portfolio.  
The relationship of the (µ, LPM)- portfolio model to the capital market theory is addressed 
Nawrocki180. He stated that portfolio management strategies ought to derive from the 
segmented market theory. Segmented markets generate nonnormal return distributions and 
require the use of utility theory. Thus, the (µ, LPM)- model is the appropriate (Value, 
Risk)-decision model, because it does not assume normal distributions and allows for 
different investor utility goals. 
The characteristics of the downside risk-optimized portfolios were most extensively tested 
by Nawrocki. The most important result in Nawrocki181 was that portfolio skewness can be 
managed through the LPM measure, since with the increasing degree of LPM the portfolio 
skewness increases182. Then, he tested the size and composition of portfolios selected by 
the (µ,LPM)- optimal algorithm in comparison with the (µ, σ)- efficient portfolios, and the 
effect of different degrees of risk aversion on the expected performance of derived 
portfolios183.  
Sortino et.al.184 occupied themselves with performance measurement, and nominated the 
reward-to-semivariability ratio as a tool for capturing the essence of downside risk 
(sometimes known also as the Sortino ratio). The reward to semivariability (R/SV) ratio 
was suggested earlier by Ang and Chua185 as an alternative to the Sharpe, Treynor and 
Jensen ratios, because in their empirical test, the R/SV ratio was significantly less biased 
than the other three performance measures. 
Since the nineties the downside risk measures have been increasingly attracting 
practitioners who have initiated tests of real performance of the (µ, LPM)- portfolio model. 
                                                 
179 Harlow/Rao (1989), p.284-311 
180 Nawrocki (1996), p. 1-11 
181 Nawrocki (1991), p. 465-470; Nawrocki (1990), p. 977-990 
182 More about the relationship between  LPM and skewness can be found in the chapter 4.4.2 
183 Nawrocki (1992), p. 195-209 
184 Sortino/Forsey (1996), p. 35-42; Sortino/Price (1994), p. 59-64; Sortino/van Der Meer (1991), p. 27-32 
185 Ang/Chua (1979), p. 361-384 
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Harlow186 tested out-of-sample perfomance of the global portfolio with eleven mature 
capital markets from 12/1985 till 12/1990, and found out that the (µ, LPM)- portfolios in 
comparison with the (µ, σ)- portfolios achieved not only higher average return but also 
decrease in risk measured by the standard deviation and target semideviation. Sortino et. 
al.187 published the results of two optimizers, based on mean-variance and mean-target 
semivariance, in an attempt to beat passive market mix in the period from 1960 to 1988. 
Economic scenario forecasts were utilized to estimate the input parameters. The (µ, σ)- 
optimizer was only able to beat the market mix in five out of twenty-six intervals. The 
downside risk optimizer outperformed the market in eighteen of those intervals. Testing 
the out-of-sample performance of 135 NYSE-securities optimized with the algorithms 
based on the LPM, variance, semivariance, and heuristic LPM in the period from 1/1954 to 
12/1987, Nawrocki188 found out that the best performance, measured by the reward to 
semivariability ratio, was achieved with heuristic optimization based on LPM for higher 
degrees of LPM. In Nawrocki189 the optimization algorithm with symmetric LPM-matrix 
utilizing higher LPMs provided more consistent out-of-sample performance, evaluated by 
the stochastic dominance, terminal wealth and reward to semivariance, than the algorithm 
with the asymmetric LPM-matrix and with the mean and variance for shorter holding 
periods. Here, monthly data of 125 securities selected from the universe of NYSE stocks 
from 1952 to 1977 were tested.  
Stevenson190 tested the out-of-sample performance of minimum risk and tangency 
portfolios for a total of 38 international equity markets including 15 emerging market in 
the period 1988-1997 on a monthly basis191. In addition to the conventional optimization 
with variance lower partial moments (a=2) with the target rates of zero and mean return 
were utilised. The results showed that only minimum LPM2,0 – portfolios consistently out-
perform the benchmark, MSCI-World Index192. 
 
                                                 
186 Harlow (1991), p. 28-40. He applied portfolio semivariance as proposed by Markowitz (1993). 
187 Sortino/Price (1994), p. 29-31 
188 Nawrocki (1990), p.977-990 
189 Nawrocki (1991), p.465-470 
190 Stevenson (1999), p.51-66 
191 The first five years were used for the input estimation. 
192 It out-performed also the optimization with the inputs estimated by the Bayes-Stein estimator. 
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4.2 Safety-first criteria 
 
4.2.1 Roy’s criterion  
 
In this approach the probability of disaster is minimized, i.e. the investor prefers the 
portfolio with the smallest probability of falling below disaster level. The disaster level - 
minimal acceptable return has to be predetermined to conserve the investment principle. 
The objective function is: 
 
Min  P(r τ≤  )= α                 (4.1) 
with  τ: disaster level (target return) 
α: probability of disaster 
r: return 
 
Notice that Roy’s criterion, in opposite to Markowitz, does not assume anything about 
return distribution, but still requires their knowledge. In case we do not know return 








≤−≥=−≤=≤=           (4.2) 
 












−                 (4.4) 
 
After rearranging, the mean return can be depicted in the (µ, σ)- diagram as the shortfall 
line: σzτµ ⋅−= . Maximizing the –z, requires to find the highest slope of the shortfall line 
subject to available (µ, σ)- portfolios on the efficient frontier. The tangential portfolio R 
                                                 
193 Rudolf (1994), p. 105-106. The Tschebyscheff’s inequality holds if the probability distribution of the asset 
returns is arbitrary but characterized by an expected return and the standard deviation of returns. 
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with the tangent from τ provides the efficient portfolio with minimal upper boundary for 
the probability of disaster.  
Roy derives the tangency portfolio R with the vector of asset weights x: 
 
)τeVµ(Vλx 11 ⋅⋅+⋅⋅= −− ,               (4.5)  
 
where V-1 is the inverse of the covariance matrix, and e the unity vector of n- dimension by 
n assets in portfolio. The λ is the scaling factor which enforces the portfolio fractions to 
sum up to unity.  
By allowing an investment in the risk-free asset, Roy’s criterion leads to the optimal 
portfolio containing solely the risk-free asset or debt194. 
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Figure 4.1: Roy’s criterion195 
  
4.2.2 Kataoka’s criterion  
 
Kataoka’s criterion196 requires a predetermination of the probability of disaster α, and then 
maximization of the target return τ for available efficient portfolios on the (µ, σ)- efficient 
frontier. 
                                                 
194 Reichling (1996), p. 38 
195 Roy (1952), p. 437 




Max τ                 (4.6) 
s.t.: P(r τ≤ )=α 
 
In the graphical solution we maximize the intersection between the shortfall line 
σzτµ ⋅−=  and vertical axis. As the shortfall probability is given, the slope of the 
shortfall line is constant. The optimal portfolio represents the tangential portfolio K on the 
tangential shortfall line to the (µ, σ)- efficient frontier. 
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                                                                  K 
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                                                                                                                    σ  
 
 
Figure 4.2: Kataoka’s criterion 
 
Tschebyscheff’s inequality could not be applied in this case, because the slope of the 
shortfall line is predetermined. Hence, the assumption of normally distributed returns is 
necessary here. As in the Roy’s criterion, allowing investment in the risk-free asset in the 
Kataoka’s criterion leads to rather inconvenient optimal portfolio containing solely risk-
free asset or debt. 
 
4.2.3 Telser’s criterion 
 
Contrary to Roy’s and Kataoka’s criterion, in Tesler’s criterion197 an investor prespecifies 
the target return τ and the probability of shortfall α. Then, the portfolio is selected that 
                                                 
197 Telser (1955), p. 1-16 
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brings the highest expected outcome µ under the condition that the shortfall won’t occur 
more frequently than α. 
  
Max µ                  (4.7) 
s. t.: P(r(x)≤ τ) ≤α 
 
Graphically, the shortfall line σzτµ ⋅−=  intersects the (µ, σ)- efficient frontier in two 
points. The efficient portfolios above the shortfall line satisfy the shortfall condition. From 
them investor has to choose this one (T), which maximizes the expected portfolio return.  
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Figure 4.3: Tesler’s criterion 
 
The assumption of normally distributed returns is also necessary here, because the slope of 
the shortfall line is predetermined, and therefore the Tschebyscheff’s inequality could not 











4.3 Fundamentals of the portfolio selection based on mean and lower 
partial moment  
 
The safety-first rule can be naturally generalized to the nth order safety-first-rules using 
higher order lower partial moments of probability distribution. These rules are important 
because of their relationship to the stochastic dominance rules since they are  
computationally feasible and provide a tractable approximation to the stochastic 
dominance admissible set. With the Roy’s safety-first rule the mean-lower partial moment 
rule shares the appealing property that it can be applied to unknown distribution of 
portfolio returns. 
 
4.3.1 Measures of portfolio risk, value and return dependency 
 
One investor’s decision variable - profitability - is specified as the expected return which 







=                  (4.8) 
with  rs : asset return in s 
s: state  
S:  number of states 
ps : discrete probability 
 
The expected return of portfolio µp derives from the linear combination of the expected 







⋅=                   (4.9) 
 
Shortfall risk, integrated with the lower partial moment, is defined as the risk of falling 
below minimal aspiration return level specified by an investor. Any outcomes above this 
target do not represent financial risk200. 
                                                 
198 as (2.1) 







sτa, p),0]rmax[( τLPM ⋅−= ∑
=
            (4.10) 
with τ: minimum aspiration return level (target return) 
a: parameter of risk tolerance 
 
We obtain the LPMp of portfolio as a sum of all LPMij weighted by the asset fractions on 







ijp xxLPMLPM ⋅⋅= ∑∑
= =
             (4.11) 
 
Measure of return dependence between asset i and j LPMij expresses the extent to which 
the risk of shortfall of asset i is diversified away by asset j. This is not the same as the 
diversification of shortfall of asset j by asset i ( jiij LPMLPM ≠ ), so an asymmetric 






isij p)r(τ)]r(τMax[0,LPM ⋅−⋅−= ∑
=
−           (4.12) 
 
This formula can be applied without problems in the interval a>1. However, problems 
appear in the interval 0<a<1 by the risk seeking: the exponent is negative and an inverse 
function arises. This means that the risk increases with the decreasing losses (see figure 
4.4). This causes not only optimisation problems, but also economical interpretation makes 
less sence: As the risk is a factor which decreases utility, we can say that if the risk 
increases with the decreasing losses, the utility decreases with the decreasing losses. This 
means that the basic assumption of Bernoulli utility functions - the non-satiation (with the 
increasing final return on investment its utility does not decrease) - is violated. However, 
the risk seeking in 4.10 means that with the decreasing losses the risk decreases, and 
therefore the non-satiation holds true here. The risk seeking by 0<a<1 in 4.10 does agree 
with the general definition of the risk seeking203 (the added utility of one unit added return 
                                                                                                                                                    
200 as (3.21) 
201 Hogan/Warren (1972), p. 1881-1896, with a=2, Nawrocki (1991), p. 5, with 1 ≤≤ a 5.    
202 Bawa/Lindenberg (1977), p. 197. We should write LPMij,a,τ but for simplicity we stay by LPMij. 
203 See appendix A,  Bernoulli decision principle 
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increases or remains constant with the increasing return), but the interpretation of the risk 














Figure 4.4: Example of the LPMij values computed with formulae 4.12 for risk seeking by 
a=0,5;0,2;0,1204 
 








isij p)rsign(τ|rτ|)]r(τMax[0,LPM ⋅−⋅−⋅−= ∑
=
        (4.13) 
 
The problem mentioned above for 0<a<1 by 4.12 is eliminated by 4.13. This means that 
the risk decreases with the decreasing losses (see figure 4.5). The economical interpretation 
makes sence now: the risk decreases with the decreasing losses, so the utility increases 
with the decreasing losses because the risk is a factor which decreases utility. So, the non-
satiation holds true and the risk seeking is expressed as in its general Bernoulli definition 
and 4.10. Since both terms (τ-ri) and (τ-rj) should be evaluated (penalised) equally, the 
exponent a/2 is applied to both. This formulation guarantees that the penalization of the co-
shortfall of the asset i and j always results in a/2+a/2=a. For j=i, i.e. the co-movement of 
the asset i with itself, 4.13 equals 4.10 – the shortfall of single asset i.  Leaving (τ-ri)a/2 
                                                 






















without the absolute value function and function signum sign(τ-rj) would cause that the 
sign of (τ-rj)a/2 changes in dependence on even or odd value of the exponent a/2. E.g. by 
even a/2 we would only have positive results, by odd positive and negative results. The 
consideration of the sign is very important because in this way we can express portfolio 
risk elimination if (τ-rj)<0. The computation of the absolute value of (τ-rj), its penalisation 
by a/2, and then taking the sign of (τ-rj), eliminates this problem. The formula 4.13 and 
4.12 provides always the same results for a=2.  
In the rest of this thesis, (µ, LPM)- portfolio optimisation proceeds with the formula 4.13 or 















Figure 4.5: Example of the LPMij values computed with formulae 4.13 for risk seeking by 
a=0,5;0,2;0,1205 
 
Markowitz in his seminal contribution to the modern portfolio theory considered 










              (4.14) 
                                                 
205 Values of r and LPM(ij) of this figures are in the appendix B. 























where for the computation of the semivariance svij we have to find the set of unprofitable 










.            (4.15) 
 
In all unprofitable states the particular portfolio of n assets satisfies τrxn
1i ii
≤⋅∑= . These 
states where the portfolio satisfies τ≥⋅∑=
n
1i ii
rx  are called profitable. The major limitation of 
such the symmetric semivariance is its dependence on the portfolio structure x. Thus, a 
changed portfolio structure causes a new set of unprofitable and profitable states, and then 
a new co-semivariance matrix svij.  
Later, Markowitz derived another computational formula of portfolio semivariance207:  
 








However, this portfolio semivariance has two major drawbacks while comparing to LPMp 
with a=2. First, by the evaluation of the downside deviations of portfolio return in 
aggregate form, the co-movements between individual asset returns are neglected, so an 
important decision criterion - risk diversification - is not considered. Second, the downside 
return distributions of individual assets are taken to be irrelevant as long as the portfolio 
return does not fall below minimal aspiration return208.  
A heuristic measurement of return co-movements in the downside part of return 
distribution was derived by Nawrocki209. The LPMij is calculated as a symmetric measure 
(sLPMij=sLPMji):  
 
ijjiij ρSDSDsLPM ⋅⋅=              (4.17) 
                                                 
207 Markowitz (1993), p. 311 
208 Sing/Ong (2000), p. 217 

















 ijρ : correlation between returns of asset i and j 
 







ijp xxsLPMsLPM ⋅⋅= ∑∑
= =
            (4.18) 
 
Logically, the co-shortfall risk computed by 4.17 and 4.13 are not the same because 4.17 
results in symmetric matrix and use the correlation coefficient from the correlation 
coefficient from the (µ,σ)- model. The main advantage of this approach is the 
computational efficiency, and either comparable or superior out-of-sample performance of 
the sLPMij- based portfolios. 
 
4.3.2 The (µ, LPM)- efficient frontier 
 
The efficiency of the (µ, LPM)- portfolios is defined in the similar way as the efficiency of 
the (µ, σ)- portfolios. A legitimate portfolio is efficient, if any other legitimate portfolio has 
either higher mean and no higher shortfall risk, or less shortfall risk and no less mean. The 
legitimate portfolios are determined by the set of legitimate constraints.  
 
4.3.2.1  The (µ, LPM)- efficient portfolios without the risk-free asset 
 
The general optimization problem for portfolio of n assets without the risk-free asset can 







ijp xxLPMLPM ⋅⋅= ∑∑
= =
            (4.19) 
                                                 
210 Nawrocki (1991), p. 5 
The standard form of the portfolio model sets Ai and b in the linear equality constrain of the general 
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The concavity of the set of efficient portfolios - efficient frontier - assures risk 
diversification.  
The (µ, LPM)- model pushes the efficient frontier outward to the left of the (µ, σ)- efficient 
curve [in the (µ, LPMa1/a)- coordinate system], implying the possibility of further reduction 
of the shortfall risk for the same level of portfolio return when compared with the (µ, σ)- 
efficient portfolios (figure 4.6)211.  
 
 
                    µ 
                                 (µ, LPM)- efficient frontier 
 
 
                                                             (µ, σ)- efficient frontier                                                
 
                              MinLPM   ●    ●  MinV 
                                                                                                                LPMa1/a 
                                                                                            
 
Figure 4.6: Comparison of the typical (µ, LPM)- and (µ, σ)- efficient frontier without the 




                                                 
211 The description of the (µ, LPM)-optimization you can find in the section 4.5. 
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4.3.2.2   The (µ, LPM)- efficient portfolios with the risk-free asset 
 
Also in the (µ, LPM)- decision framework, the possibility of investment in the risk-free 
asset rf allows the separation of choice of the individual optimal portfolio for a given level 
of risk tolerance into two easier problems: first, finding an optimal mix of tangential 
portfolio T that does not vary with the risk tolerance, and then combining it with an 




212, and therefore for the co-shortfall risk holds 0LPMLPM
ff r,TT,r
== . 
This allows expressing the expected shortfall risk of mixed portfolios p containing the risk-







p })]r(τ)x(1)r(τxE{max[0,])rτE[max(0,LPM −⋅−+−⋅=−=  (4.20) 
    a/1TT LPMx ⋅=  
with  xT : weight of portfolio T in the mixed portfolio p 
(1-xT): weight of the risk-free asset rf in the portfolio p 
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Figure 4.7: Efficient line with the risk-free asset in the (µ, LPMa,τ1/a)– framework 
                                                 
212 This risk-free return cannot be understood as the minimal aspiration return here, but as the return enabling  
the separation of the asset allocation. 




The set of efficient portfolios lies on the capital market line connecting the risk-free asset 
and the tangential portfolio since this line dominates the original efficient frontier214. 
 
4.3.3 Selection of the (µ, LPM)- optimal portfolio 
 
The indifference curves which are derived from the individual expected utility function 
determine the optimal portfolio from the set of efficient portfolios. Hence, the Bernoulli’s 
decision principle is applied as in the Markowitz’s portfolio model. The consistency of the 
(µ, LPM)- with the Bernoulli’s decision principle holds for the following expected utility 
function215: 
 
LPMhµEU ⋅−=               (4.21) 
 
The related indifference curve for constant EUi depicted in the (µ, LPM)- coordinate 
system is216: 
 
LPMhEUµ i ⋅+=               (4.22) 
 
The convexity (concavity) of the indifference curve means that an investor is prepared to 
take more risk when the expected return over-proportionally (under-proportionally) 
increases. This indicates risk aversion (risk seeking), and thus 1a >  ( 1a0 << ). A linear 
part of the utility function by no shortfall risk (see also formula 4.27) transfered in the (µ, 
LPM)- system represents points on the y-axis, i.e. when LPM=0, µ depends on the utility 
value EUi. (figure 4.8, 4.9). The optimal portfolio gives a tangential point of the 





                                                 
214 Assumption: unlimited borrowing at rf. 
215 For derivation and description see section 4.4.3.1, ( 0h ≥ ) 
216 Computation of the indifference curve: for given values of the LPMa,τ
1/a (x-axis) the LPMa,τ are obtained, 














Figure 4.8: Optimal portfolio as a tangential point of the indifference curve (shortfall risk 












Figure 4.9: Optimal portfolio as a tangential point of the indifference curve (shortfall risk 
seeking) with the (µ, LPM)- efficient frontier.  
 
By utilizing the asset allocation with the risk-free asset, the optimal portfolio lies in the 
tangential point of the indifference curve with the capital market line217. More risk averse 
investors with high α and h would have steeper indifference curves giving tangency 
portfolio with smaller shortfall risk and expected return. The contrary holds for less risk 
avers investor. 
                                                 
217 Similarly as in the figure 2.2 
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In practice, the optimal portfolio is determined usually by the level of the expected return 
(or LPM) given by the investor and is set as a constraint in the optimization. As all 
portfolios on the efficient frontier are unique (global optimum), there is only one optimal 
portfolio for each level of the expected return (or LPM). 
 
4.4 Analysis of the (µ, LPM)- portfolio model 
 
4.4.1 Investor’s risk and value preferences 
 
Recall that risk measured by LPM is perceived as a risk of falling below specified minimal 
aspiration return level. Any outcomes above this reference point do not represent financial 
risk. As a result, by the minimization of LPM in the optimization algorithm the chance to 
over-perform this reference point is not eliminated as in the portfolio model based on the 
variance. The returns above the target, “upside potential”, are captured in the expected 
return, and represents a riskless opportunity for unexpectedly high returns (figure 4.10). As 
the aspiration return is defined for the objective of investment safety, it does not contradict 
the objective of profitability maximization218.   
 
         
                                       P(r) 
                                                                                   




                 shortfall risk                                            
 
 
                                                      0        τ       µ                                   r                         
                                 minimize shortfall risk       
 
Figure 4.10: Investor’s risk-value preferences in the (µ, LPM)- portfolio model 
                                                 
218 Schmidt von-Rhein (1996), p.429 
 
92 
As the mean is discussed in the (µ, σ)- model, this chapter questions only shortfall risk 
quantified by LPM.  
 
4.4.1.1  Decomposition of the lower partial moment 
 
The decomposition of LPM reveals that LPM is a product of two independent components: 
the probability of shortfall occurrence (SP) and the expected shortfall conditioned on this 
shortfall occurrence (ES):  
 
















ss,a r|p)r()r(PLPM ττττ            (4.25) 
 
The shortfall probability measures the intensity of shortfall without the potential shortfall 
extent. The expected shortfall conditioned on the shortfall occurrence is a measure of the 
shortfall quantity. Thus, it quantifies the mean expected amount of shortfall in relation to 
the minimal aspiration return level under the condition that returns fall below this level. 
 
4.4.1.2   Parameter of risk aversion 
 
The return deviations from the lowest aspiration return are penalized with the a-exponent 
in LPM. Its variability provides an investor with a tool helping to express different degrees 
of risk tolerance in the asset allocation. Then, the a-exponent reflects the decision maker’s 
feelings about the relative consequences of falling short of the lowest aspiration return by 
various amounts. Risk aversion for a>1 means that smaller losses are perceived as 
relatively less harmful when compared to larger losses. On the contrary, risk seeking for 
0<a<1 means that the main concern is not to fall short without particular regard of the 
amount of loss. With a=1 the risk neutrality is assumed since we evaluate the losses 





Effect of the risk aversion parameter on the efficient frontier  
Computing efficient portfolios for different a-parameters of risk aversion provide us with 
thousands of different efficient frontiers (figure 4.11). This means that the asset efficiency 
changes with varying parameter of risk aversion. Logically, the higher the difference 
between the a-parameter of LPM, the further the efficient frontiers are from each other 
which indicates changing structure in the portfolio composition. 
As the variance in the return deviations are squared, the most similar efficient frontiers of 
the (µ, σ)- and (µ, LPM)- model are obtained when the a-parameter in the LPM equals two. 
The more the a-parameters diverge from a=2, the more divergent the (µ, σ)- and (µ, LPM)- 
efficient frontiers.  
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Figure 4.11: The (µ, LPM)- efficient frontiers outlined for different values of a-degree of 
LPM. (The frontiers are graphed using LPM with a=2 as the risk measure.)219  
 
4.4.1.3  Minimal aspiration return level 
 
The minimal aspiration return τ (called also target return, benchmark) is explicitly included 
in the shortfall risk as measured by LPM, and expresses the lowest acceptable return to 
accomplish the financial target set by an investor. Thus, risk appears to be doing worse at 
                                                 







this reference level. As investors have different financial objectives, different aspiration 
returns are required. From possible lowest acceptable returns we chose the most frequently 
used:  
o return of not meeting liabilities 
o return of not meeting objectives 
o negative nominal returns 
o negative real returns 
o risk-free rate 
o return of market index 
o returns below available alternatives such as money market account 
o returns below the growth in average weekly earnings plus margin 
o lower quantile returns 
o budgeted return 
We see that the minimal aspiration return may be set as a deterministic constant (e.g. return 
of 0%), deterministic variable (e.g. low quantile, mean) or stochastic variable (e.g. market 
index).  
An explicitly definable reference point in the (µ, LPM)- efficient portfolios stands in 
contrast to the implicitly predetermined reference point – expected return – in the (µ, σ)- 
efficient portfolios. In other words, in the LPM return deviations are related to a variable 
investor target, whereas the variance is related solely to the expected return. Consequently, 
the difference in the (µ, LPM)- and (µ, σ)- portfolio composition grows, the greater 
distance between the target and expected return.   
 
Effect of minimal aspiration return on the efficient frontier 
The minimal aspiration return alters the composition of the efficient portfolios as for each 
value of the target return, a unique efficient frontier is constructed. Computing efficient 
frontier for different target returns allow us to move around in the neighbourhood of the 
efficient frontier with certain a-parameter of risk aversion.  
Generally, the higher the minimal aspiration return is set, the more returns fall below it, 
and then the greater the numerical value of shortfall risk. This causes the shift of the 
efficient frontier to the right (by the same degree of risk aversion). This shifting is usually 
accompanied with an increase in the proportion of equities and decrease in the proportion 
of bonds in portfolio since low bond returns increasingly fail to meet the target return 
(figure 4.12).  
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Increasing distance between the target and expected return causes the difference in the (µ, 
LPM)- and (µ, σ)- portfolio composition, and results in the shifting of the (µ, LPM)-
efficient frontier further to the right in the (µ, σ)-framework. 
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Figure 4.12: Effect of the minimal aspiration return on the (µ, LPM)- efficient frontier 
 
Example of the effect of minimal aspiration return and the parameter of risk aversion on 
the (µ, LPM)- optimal asset allocation.  
Let us evaluate two alternatives A and B with the same mean of 16,6%, but different risk 
























Figure 4.13: Expected return development of the investment alternatives A, B 
 
First, the importance of adequate target return is demonstrated. The investor requires 
consistent portfolio gains covering his liabilities of 0,25 in each period. He computes the 
portfolio with the highest performance (risk-adjusted return) based on the variance: 42% of 
asset B and 58% of asset A. He also optimizes the portfolio based on the shortfall variance 
conditioned on the return of 0%: it contains only asset B. The investor could argue that the 
shortfall variance-optimized portfolio does not assure consistent performance, as the 
expected portfolio returns fail to meet the liabilities in more than half of all periods. So, the 
variance-optimized portfolio appears to be more suitable for him. However, when he 
indicates the requirement of consistent portfolio return in the lowest aspiration return of the 
shortfall risk correctly, i.e. utilizes the lowest aspiration return of 25%, the (µ,LPM)- 
optimization gives more balanced performance of 47% of B and 53% of A.  
Another parameter of LPM useful in expressing our investment preferences is the exponent 
a. The unhappier the investor is about large loses, a higher exponent a should be used in 
the optimization. 
In the 10th period in the figure 4.13 the A-asset return of –0,25 deviates from the 
benchmark of τ=0,25 by 0,5 for a=1, after exponentiation with a=2 by 0,25, and with a=3 
by 0,125. By the asset B the deviation of 0,15 for a=1 decreases after exponentiation with 
a=2 0,0225 and with a=3 0,003375. In case a=1, the deviation of the asset A is 3,33-times 
greater than this of asset B. In the second case a=2, it is 11,1-times larger, and by the 
exponent a=3, already about 37-times larger. This increasing relative penalization clarifies 
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the fact that the fraction of the asset A by the optimization with higher exponents 
decreases: compare i.e. the optimal portfolio of 53% of the asset A and 47% of the asset B 
by a=2 and the optimal portfolio of 10% of the asset A and 90% of asset B by a=4 (table 
4.1).  
 
Target return Exponent a=0.5 Exponent a=1 Exponent a=2 Exponent a=3 Exponent a=4 
  A B A B A B A B A B 
0% 18% 82% 10% 90% 0% 100% 0% 100% 0% 100% 
5% 57% 43% 46% 54% 19% 81% 0% 100% 0% 100% 
15% 71% 29% 63% 37% 40% 60% 14% 86% 0% 100% 
25% 54% 46% 60% 40% 53% 47% 31% 69% 10% 90% 
30% 46% 52% 56% 44% 55% 45% 39% 61% 17% 83% 
 
Table 4.1: Example of the effect of minimum aspiration return and parameter of risk 
aversion on the (µ, LPM)- optimal portfolios 
 
4.4.2 Asset universe 
 
The correct asset allocation with the (µ, σ)- portfolio model assumes assets with return 
distributions completely characterized by the first two central moments - mean and 
variance220 - as the higher moments of return distributions are not considered in this 
portfolio model. 
In the following, we show that beside the risk of shortfall the LPM accounts also for higher 
moments of return distribution: skewness and kurtosis. Due to this finding, assumed asset 
universe for the (µ, LPM)- portfolio optimization can be extended by the assets with 
asymmetric and/or fat tailed return distributions. Thus, the risk of asset classes as e.g. 
financial derivatives, fixed income securities, stocks, real estates, commodities discussed in 
the section 2.2.2 can be assessed under consideration of additional important information. 
The trend on the capital markets directed to the assets with significant higher moments of 
return distribution indicates that there is a wide range of applications for the shortfall risk 
approach. 
The following examples demonstrate how the lower partial moment can differentiate 
between return distributions with unequal skewness and kurtosis. In the first example, the 
investment alternatives A and B exhibit the same mean, variance and kurtosis, but different 
                                                 
220 In case the investor does not exhibit a quadratic utility function. 
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skewness (table 4.2). Recall that positive skewness (B investment) means that when losses 
occur, they will be smaller and when gains occur, they will be larger in comparison with 
the negative skewness (A investment).   
As the expected return and variance of these alternatives is the same, the (µ, σ)- decision 
principle does not differentiate between them. By varying the penalizing exponent a, LPM 
can express different skewness preferences of an investor. When a>1, i.e. by risk aversion, 
negatively skewed investment A is considered to be riskier than positively skewed 
investment B (figure 4.14). When the risk aversion increases, the loss of A receives a 
heavier utility penalty from LPM than this of B. This over-proportional assessment is 
reflected in the concave form of LPM dependent on a>1. On the contrary, in case of risk 
seeking for 0<a<1, the negatively skewed investment A is superior to the investment B. In 
this interval LPM exhibits convex form in dependence on a. Only with risk neutrality for 
a=1, is an investor indifferent between the alternatives. 
 
 Investment A Investment B 
Return -5                      20 10                   35 
Return probability 20                   80 80                   20 
Expected return  15 15 
Variance  100 100 
Skewness   -1,62 1,62 
Kurtosis 0,70 0,70 
LPM a=0,5 τ=15,0 0,89 1,79 
LPM a=1,0 τ =15,0 4,00 4,00 
LPM a=2,0 τ =15,0 80,00 20,00 
LPM a=3,0 τ =15,0 1600,00 100,00 
LPM a=4,0 τ =15,0 32000,00 500,00 
 
Table 4.2: The importance of the skewness in the decision process (data in %)221 
 
Generally, the risk averse investor prefers asset with positively skewed return distribution. 
For negatively skewed distributions, the former one results in lower LPM for a>1 than the 
latter one (holding other parameters of distribution the same). This preference clarifies the 
                                                 
221 followed Nawrocki (1990), p. 980 
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fact that the assets with positive skewness tend to generate losses of smaller extent than the 
assets with negative skewness. Usually, higher positive skewness can be found by the (µ, 



















Figure 4.14: Evaluation of the assets with non-zero skewness with varying LPM  
 
We can conclude that the a- exponent can be used as a tool to approximately control the 
portfolio skewness (see figure 4.15).  
 
 







                                                                                                                    r 
 
Figure 4.15: Skewness in the (µ, LPM)- portfolio model for different degrees of risk 
aversion223 
                                                 
222 theoretically founded in Fishburn (1977), p. 116-126.  




Markowitz224, and Kaplan and Siegel225 believe that with symmetric return distributions or 
return distributions with the same degree of asymmetry, decisions based on mean-
semivariance and on mean-variance are the same. However, the next example (table 4.3) 
clarifies that with symmetric return distributions which exhibit unequal kurtosis, 
differences occur in the asset evaluation with variance and LPM (semivariance as 
LPM2,τ)226. 
The investments C and D are characterized by the same mean and variance, so the (µ, σ)- 
decision principle does not differentiate between them. In addition, the investments have 
zero skewness, but different kurtosis values. The alternative C exhibits positive kurtosis 
(leptokurtic distribution) what signalised that in comparison with normal distribution with 
zero kurtosis227 more returns occur at the extremes (fat tails) rather than slightly above or 
below the mean of distribution. The opposite is true for the alternative D with negative 
kurtosis (platykurtic distribution). 
 Investment C Investment D 
Return  -5       10 20 35 3       15 27 26,66 3,34 
Return probability  10       40 40 10 30     30     30     5 5 
Expected return  15 15 
Variance  100 100 
Skewness   0 0 
Kurtosis 0,70 -1,68 
LPM a=0,1 τ=11 0,57  0,53  
LPM a=0,5 τ=11 0,80 0,99   
LPM a=1,0 τ=11 2,00 2,78 
LPM a=2,0 τ=11 26,00    22,13  
LPM a=3,0 τ=11 410,01   176,08  
LPM a=4,0 τ=11 6554,04   1400,91  
Table 4.3: Importance of the kurtosis in the decision process (data in %)228  
                                                                                                                                                    
223 Generalization based on the empirical tests of Nawrocki (1991), p. 465-470, and empirical findings in 4.6 
224 Markowitz (1952), p. 194 
225 Kaplan, Siegel (1994), p. 18 -23 
226 Example of different (µ,LPM2,τ)- and (µ,σ)- efficient portfolios by the symmetric return distributions is 
given in the table in the appendix E. 
227 Meant standardized excess kurtosis, see section 3.2.2.1, formula 3.16 
228 personal computation, another example see in Schmidt von Rhein (1996), p. 412 
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We see that the LPMa,τ differentiates between the asset with unequal kurtosis. By the risk 
aversion with a>2 the LPMa,τ of the alternative C with thin tails is higher than this of the 
alternative D with fat tails. The preference changes in the area of low risk aversion 
(1<a ≤ 2), but for the rising risk seeking LPMa,τ is lower by the alternative C with thin tails 
again. Generally, this implies that with the increasing a-degree, LPMa,τ changes more 



















Figure 4.16: Evaluation of the assets with non-zero kurtosis with varying LPM  
   
The semivariance (LPM2,τ) of the investments described above would be the same only for 
the target return set as the expected return. Such reference point divides symmetric return 
distributions in two equal parts, and whereas the variance and mean are the same also the 
semivariance must be. 
Conclusively, we can state that risk averse investors prefer return distributions with high 
positive skewness and low kurtosis. However, both measures have to be considered 
simultaneously in the asset allocation. When the return distribution has high negative 
skewness and high positive excess kurtosis, the probability of having huge negative returns 
increases dramatically (see table 4.2 investment A). In case of positive skewness, it is 
possible to have a high excess kurtosis and to have no risk of extreme negative returns, 
because the extreme returns are only positive (see table 4.2 investment B). This mutual 
effect flows in the LPMa,τ, because it takes account of both – skewness and kurtosis. 
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4.4.3 Congruence of the (µ, LPM)- decision principle and decision principles based 
on comprehensive evaluation of random variables  
 
4.4.3.1 Congruence of the (µ, LPM)- decision principle and expected utility 
maximization 
 
Recall that if an individual maximizes expected utility, and acts solely on basis of the 
expected return E(r) and risk measure F(r), where measure of risk F(r) equals the expected 
value of some risk function of return f(r), then individual’s utility function has to be of the 
form229: 
 
)f(rβrαU(r) ⋅+⋅=      βα, - parameters.           (4.26) 
 
As LPM represents the risk measure F(r) in the (µ, LPM)- model, utility function U(r) 
implied by this optimization under the assumption of consistency with Bernoulli’s 
expected utility criterion has to be230: 
 
( ) rrU = ,                  for all r ≥ τ and            (4.27)  
( ) ( )arτhrrU −⋅−= ,for all r ≤ τ            (4.28) 
 
The parameter 0h ≥  determinates the utility of target return τ: 
 
( ) ( )













                                                 
229 Markowitz (1952), p. 286 
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Figure 4.17: Types of utility functions in the (µ, LPM)- model optimization consistent with 
the Bernoulli’s expected utility criterion (example for a=0, ½, 1, 2, 4, h=1; the consistency 
holds also for other 0 ∞<≤ a ) 
 
The part of the utility function below the target τ expresses various risk preferences, such 
as risk aversion for a>1, neutrality for a=1, as well as risk seeking for 0<a<1. As the 
returns above the target are captured only in the expected return, the risk neutrality is 
assumed implying linearity in this part of utility function. This is the most often mentioned 
caveat of the (µ, LPM)- portfolio optimization. Fishburn examines a large number of von 
Neuman and Morgenstern utility functions and finds that most individuals in investment 
contexts do indeed exhibit a target return, and that ” (4.28) [i.e. utility function below the 
target, remark of author] can give a reasonably good fit to most of these curves in the 
below–target region. However, the linearity of (4.27) [utility function above the target, 
remark of author] holds only in a limited number of cases for returns above target. A 
possibly optimistic estimate of the number of curves in the four studies cited above for 
which is utility approximately linear above the targets is 9 out of 24. The other 15 exhibit a 
0       ½       1      2      4           τ                         r 
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variety of concave and convex forms above the targets with a tendency towards concavity 
or risk aversion. For below target utility, a wide range of a-values was observed.” 231 
Another example of studies on utility is from Swalm who states that the change point τ can 
be distinguished for utility curves, and it appears at or very near to zero return. Then, the 
linearity above target fits in one of eleven cases, but ten of thirteen are risk averse to 
varying degrees and two of thirteen are slightly risk seeking. The predominant pattern 
below τ is a slight amount of convexity, so that a<1 for most of the curves232. 
The most important advantage of the Fishburn’s utility function is the explicitly definable 
minimal aspiration return and degree of risk aversion. This allows for the modification of 
the utility function with respect to many factors influencing investment decision as e.g. the 
initially invested wealth and proportion of the initial invested wealth on the whole wealth. 
For instance, greater relation of the invested to the whole wealth usually implies risk 
aversion of an investor which can be reflected in the increase of the a-parameter and the 
lowest aspiration return of LPM.  
Investors modify their asset allocation strategy also when they are confronted with 
different length of holding period. This means that the type of utility functions (also its 
asymmetry) is influenced by the time horizon for which investor decides. A bright 
spectrum of shortfall risk and related variable utility functions implied by the (µ, LPM)- 
model allows us to consider it. For instance, an investor confronted with short investment 
horizon has usually much greater aversion to losses than an investor with long investment 
horizon. He weights downside risk more heavily than gains because recovering from them 
may take several years. This asymmetry in return exposure can be expressed by higher 
penalizing exponent and higher minimal aspiration return of shortfall risk.  
 
4.4.3.2  Congruence of the (µ, LPM)- decision principle and stochastic dominance  
 
The decision rules of stochastic dominance provide us with a more exact evaluation of 
risky investment alternatives than decision principles based merely on risk- and value- 
parameters since they are based on direct assessment of entire return distributions. 
Therefore (Value, Risk)- portfolio models have to be examined for congruency with the 
stochastic dominance. 
                                                 
231 Fishburn (1977), p. 122  
232 Swalm (1966), p. 123-136 
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The following conditions233 describes when the (µ, LPM)- decision principle is necessary 
for the i-th order stochastic dominance (iSD; i=1, 2, 3).  
For an individual who maximizes his expected utility and exhibits non-decreasing utility 
with increasing final wealth (U´≥ 0), portfolio P dominates portfolio Q according to the 
first-degree stochastic dominance and at the same time according to the (µ, LPM)- decision 
principle, when for the exponent in the LPMa,τ– formula holds ≥a 0. 
When for the exponent in the LPMa,τ is valid a ≥ 1, for an individual maximizing his 
expected utility and exhibiting non-decreasing utility with increasing final wealth (U´≥ 0) 
and risk aversion (U´´≤ 0), portfolio P dominates portfolio Q according to the second-
degree stochastic dominance and at the same time according to the (µ, LPM)- decision 
rules.  
For an individual maximizing its expected utility and exhibiting non-decreasing utility with 
increasing final wealth (U´≥ 0), risk aversion (U´´≤ 0), and in addition decreasing absolute 
risk aversion [(–u´´(r)/u´(r))´ < 0], portfolio P dominates portfolio Q according to the 
third-degree stochastic dominance and at the same time according to the (µ, LPM)- 
decision rules when the exponent of LPMa,τ is a ≥ 2. 
Frowein confirms that “dominance in terms of a selection rule combining the mean (µ) and 
the LPM0,τ, LPM1,τ or LPM2,τ respectively, computed at a single arbitrary point τ of the 
investment alternatives’ return distributions is a necessary condition for i-th order 
stochastic dominance (iSD; i=1, 2, 3) which for investors within general classes of the von 
Neumann-Morgenstern utility functions is equivalent to the expected utility maxi-
mization.”234 
Further, he states that innumerable examples in the literature show that the (µ, σ)- 
dominance is neither necessary nor sufficient for stochastic dominance and expected utility 
maximization without further restrictions on the random law of portfolio returns. Then, he 
concludes that the analysis of consistency of the (µ, LPM)- and (µ, σ)- principle with the 
expected utility maximisation “delivers strong arguments to generally supplant the use of 
the (µ, σ)- criterion by the application of well-defined (µ, LPM)- rules”235. The following 
example supports this statement.  
                                                 
233 Bawa (1978), p. 255-271, Fishburn (1977), p. 116-126 
234 Frowein (2000), p.1 
235 Frowein (2000), p.13 
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Consider two assets characterized by the symmetric return distribution and return time 
series in the figure 4.18. The asset B dominates asset A, because the return achieved by the 



















Figure 4.18: Return time series; asset B dominate A in terms of the first-degree stochastic 
dominance 
 
Now, we want to invest in the (µ, σ)- optimal portfolio. So, we ought to find the portfolio 
with the highest Sharpe-ratio, i.e. with the highest standard deviation-adjusted return236. 
According to the separation theorem, we find all (µ, σ)- efficient (optimal) portfolios as a 
linear combination of this portfolio with the risk free asset237. In spite of its criticism in the 
literature regarding the assumptions on the return distribution238, the Sharpe-ratio is 
considered as the most often used performance measure in the financial practice and 
theory.  
In this example, the portfolio with the highest Sharpe-ratio contains 36% of the asset B and 
64% of the asset A which is, however, clearly dominated by the asset B (table 4.4). 
                                                 
236 According to the separation theorem we can find all efficient portfolios as a linear combination of this 
portfolio with the risk free asset. 
237 e.g. Wittrock, Mielke (2002), p.600-633 
238 e.g. Levy (1991), p. 745-747: Bias by log-normally distributed returns 
           Wittrock, Mielke (2002), p.614: Bias by negative returns 
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This violation of the first-degree stochastic dominance can be clarified by high positive 
upside return deviations of the asset B which cause high standard deviation. The standard 
deviation of the asset B is so high that its Sharpe-ratio is lower than this of the asset A.  
Nevertheless, high upside return deviations do not cause increase of shortfall variance, so 
the (µ, LPM2,0)- optimal portfolio contains the only reasonable portfolio: 100% of the 
dominant asset B. 
  
  Asset A Asset B 
Return 0,060 0,103 
Std. deviation 0,041 0,071 
Shortfall std.deviation a=2, τ=0% 0,005 0,004 
Skewness 0,000 0,000 
Sharpe ratio239 1,459 1,458 
R/LPM ratio240  12,861 23,457 
(µ, σ)- optimal portfolio 0,640 0,360 
(µ, LPM2,0)- optimal portfolio 0,000 1,000 
 
Table 4.4: Characteristics of the return time series of the asset A and B and the optimal 
portfolios 
 
4.4.4 Risk diversification with the co-shortfall risk  
 
Each theory which tries to provide us with rules for optimal portfolio composition  
provides a clarification regarding the investment strategy of diversification usually 
observable in the practices. In the (µ, LPM)- portfolio theory, the measure of risk 
diversification is the co-shortfall risk. The present section shows that the co-shortfall risk 
represents very important determinant of portfolio risk. The shortfall risk shrinks in 
importance compared to the co-shortfall risk with growing number of securities in 
                                                 
239 Sharpe-ratio or R/V ratio = 
σ
)r(µ f−  , where rf  is set 0% 
240 R/LPM ratio = 
2
τ2,LPM
τ)(µ − , where τ  is set 0%. Hence, the ratios differ only in the risk measure (also 




portfolio. A security adds much or little to the portfolio risk, not according to the size of its 
shortfall risk, but according to the sum of all its co-shortfall risks with other securities.  
The portfolio risk gives the sum of all shortfall risk ( ijLPM  with ji = ) and the sum of all 
co-shortfall risk ( ijLPM  with ji ≠ ). For “average portfolio” with the same weights n1  















           (4.30) 
 
Let us clarify the sum of all co-shortfall risks. Each asset of the portfolio comprising n 
assets has (n-1) co-shortfall risks ( ijLPM  with ji ≠ ). So, the number of all distinct co-
shortfall risks equals )1n(n −⋅ . The average co-shortfall risk is defined as: 
 
Ø
 risk shortfall-co distinct of number The
 risk shortfall-co distinct all of  sumTheLPM ij =           (4.31) 
Ø
 1)-(nn
 risk shortfall-co distinct all of  sumTheLPM ij ⋅
= . 
 
Conversely, the sum of all distinct co-shortfall risk equals: 






ijij LPMnnLPM )1(             (4.32) 
 





















    (4.33) 
 
We see that with growing n the first expression - the sum of the shortfall risks divided by 
2n  - approaches zero. Furthermore, as n/)1n( −  approaches one, the second expression 
reaches the average co-shortfall risk. 
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This may be summarized by the statement that in the (µ, LPM)- portfolio model the 
portfolio risk approaches the value of average co-shortfall risk, as the number of securities 
in portfolio increases.  
Having independent shortfalls in portfolio with zero average co-shortfall risk, the portfolio 
risk tends to zero. With dependent shortfalls, the benefit of risk diversification decreases, 
and the portfolio risk grows.  
In the similar way, the co-shortfall risk as well as the covariance can be shown that for 
larger number of assets in portfolio, the portfolio variance approaches the value of the 
average covariance241. 
 
4.4.4.1  Comparison of the covariance and co-shortfall risk 
 








isij p)rsign(τ|rτ|)]r(τMax[0,LPM ⋅−⋅−⋅−= ∑
=
         (4.34) 
 









            (4.35) 
 
averages the both-size return co-movements in the entire distribution.  
Another difference is the risk measured as return deviations from the exogenously given 
reference level τ by LPMij, and not from the mean as by 2ijσ . The mean is a distribution-
related parameter and can considerably differ among assets, whereas target return τ is the 
same for all assets. 
Additionally, the a-exponent penalizing return deviations can take variable values in the 
co-shortfall risk, but in the covariance is constant. This parameter influences the extent of 
portfolio diversification. The portfolios of risk averse investor (a>2) are more diversified 
                                                 
241 Markowitz (1952), p.111 
242 as (4.13) 
243 as (2.6) 
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than portfolios of risk seeking ones (0<a<1), because the risk diversification reduces the 
portfolio risk. 
In the following analysis, we set a=2 in LPMij, so any distinctions between LPMij and 2ijσ , 
and 4.12 and 4.13 disappear. Now, we are able to examine only the effect of the risk 
diversification measured as shortfall dependency (LPMij) and both-side return dependency 
( 2ijσ ); and the effect of different reference points: explicitly given τ (LPMij) and 
endogenous parameter of distribution µ ( 2ijσ ).  
We compare for the asset A and B, the same as in the examples in the section 2.2.4.1, the 
covariance 2ABσ  and shortfall covariance LPM2,AB conditioned on the minimal aspiration 
return of 0%. Initially, our portfolio contains only the asset A (figure 4.19). We assume for 

















Figure 4.19: Return time series of the initial portfolio - asset A 
 
Case 1 
The returns of the asset B in the first case gives the figure 4.20. 
                                                 
244The results hold also for comparison of the conditional covariance τ]r|)µ(r)µE[(rCoV ijjii <−⋅−=  with 
the co-LPM. The conditional correlation related to this covariance we apply in our empirical evidence of 




The shortfall covariance of LPM2,AB = -0,015 (shortfall correlation 0,24−=ABsρ ) means 
that by adding the asset B in the portfolio, a part of portfolio risk is diversified away. As 
we saw in 2.2.4.1, the corresponding covariance 0,0225+=2ABσ  (correlation 1+=ABρ ) 



















The addition of the following asset B to the initial asset A (figure 4.21) decreases the 
shortfall covariance LPM2,AB =-0,065 (shortfall correlation 0,59−=ABsρ ); i.e. the risk of 
the asset A is even more diversified with the asset B than in the case 1. However, the 
change of the asset B leaves the covariance unchanged by 0,0225+=2ABσ  (correlation 























Figure 4.21: The asset B in the second case 
 
Case 3 
In this case the shortfall covariance of LPM2,AB =+0,115 (shortfall correlation 
=ABsρ +0,692) implies that the asset B eliminates the shortfall risk of the asset A only 
slightly. In contrast, according to the covariance =2ABσ -0,0225 and the correlation 
















Figure 4.22: The asset B in the third case 
 
113 
Case 4  
When we replace the asset B for a worse one, the shortfall covariance LPM2,AB =+0,19 
(shortfall correlation of =ABsρ +0,755) says that there is even less diversification benefits 
than in the case 3. The covariance and correlation stay unchanged by =2ABσ -0,0225 and 

















Figure 4.23: The asset B in the fourth case 
 
Case 5 
In the previous cases the assets with extreme correlations are examined. The revealed 
characteristics are valid also for assets with less simple return development (figure 4.24). 
We can take e.g. very small correlation =ABρ 0,03 and =
2
ABσ 0,0001, which signals high 
risk diversification. Nevertheless, the shortfall covariance LPM2,AB =+0,04 (shortfall 


















Figure 4.24: The asset B in the fifth case 
 
Case 6 
The question arises when the assets are perfectly negatively and positively correlated 
according to the shortfall correlation. Perfectly negative correlation occurs when the losses 
are exactly offset by the gains. For the asset A with returns fluctuating between –0,1 and   
–0,4 it would be the asset B with returns fluctuating between +0,1 and +0,4. Perfect 
positive correlation is given by exactly high returns. So, for the asset A it would be the 


















Figure 4.25: The asset B in the sixth case 
 
We can conclude that in the cases 1, 2 we diversify the risk of the asset A to the certain 
extent with the asset B when measured with the shortfall covariance. However, the 
covariances indicate no benefit from the diversification. The covariances and correlations 
express the highest possible risk diversification (completely risk-free portfolio) in the cases 
3, 4, and very low diversification in the case 5. In the contrast, high values of the shortfall 
covariances reveal low risk elimination. Paradoxically, in the second case the highest 
diversification benefit measured by the shortfall covariance is accompanied by any risk 
diversification according to the covariance. As we see in the figures above, portfolio can be 
protected against losses by the largest covariance (case 1, 2), and can be exposed to large 
losses by the low(est) covariance (case 3, 4, 5). However, the shortfall covariance gives us 
sensible answer to the question when the risk of one asset is diversified away by another 
one.  
The risk diversification measured by the co-shortfall risk does not depend on the 
movement in unison up and down in relation to the mean as by the covariance. The co-
shortfall risk as a measure of risk diversification expresses the extent to which the losses of 
one set of returns are eliminated by the gains of another set of returns. The portfolio risk 
increases only if the returns below the exogenously given target occur at the same time by 
both assets. Then, the magnitude of the losses determines the increase of the portfolio risk. 
The assets with simultaneous upward return deviations from the reference point do not 
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increase the portfolio risk as in case of the covariance. Consequently, by the risk 
minimization in the optimization algorithm such assets are not eliminated from the 
portfolio. Hence, the upside potential of portfolio is not reduced as in the portfolio 
optimization with the covariance.  
 
4.4.4.2  Asymmetry in the risk diversification and the co-shortfall risk 
  
Another difference between the co-shortfall risk and covariance lies in the consideration of 
the asymmetry in the risk diversification. As discussed in the section 2.2.4.2, the large 
drops on the stock markets occur with greater simultaneity than by normal market 
development, so the benefit of risk diversification erodes when it is most needed. This 
indicates higher return dependence of assets conditioned on the downside than on the 
upside part of return distribution. As the covariance measures the return co-movements in 
entire return distribution, it averages out this information about asymmetry in return 
dependence, and therefore overstates the benefits of risk diversification on the bear 
markets. This problem can solve an application of measure of return dependency 
conditioned on the downside part of return distribution. One of such measures is the co-
shortfall risk.  
In the co-shortfall risk the condition represents the fall below the minimal aspiration return 
τ - shortfall occurrence. The decomposed formula of the co-shortfall risk put an emphasis 
on this condition. The co-shortfall risk LPMij, similarly as the shortfall risk of one asset 
LPMa,τ, can be decomposed on the measure of shortfall intensity and the measure of 
shortfall quantity. Then, LPMij can be understood as a product of the probability of 
shortfall occurrence of the i-th asset (SP) and the expected co-shortfall of the i-th and j-th 
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For the most commonly used shortfall risk with the exponent a=2 4.13 equals 4.12, and we 
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The decomposition and conditioning help us to obtain comparable measure of the shortfall 
dependence for different assets. The comparability is achieved by the standardization on 
the interval 1,1− . The standardized shortfall covariance (a=2) gives the expected 
shortfall covariance divided by the product of square roots of the expected shortfall 
variance of the i-th asset and the j-th asset whereby all measures are conditioned on the 
shortfall occurrence of the i-th asset245:  
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ρ         (4.40) 
 
The shortfall correlation coefficient ijsρ  gives asymmetric matrix, as jiij sρsρ ≠ .  
 
4.5 Optimization algorithm for the (µ, LPM)- portfolio model 
 
The critical line algorithm developed for the (µ, σ)- portfolio model can be modified for the 
(µ, LPM)- portfolio optimization, since the (µ, LPM)- problem still belongs to the convex 
quadratic programming. Thus, the input C matrix of the covariances has to be replaced by 
the asymmetric LPM matrix:  
 




















                     (4.41) 
 
 LPMij computed as in the formulae 4.13 or 4.12 by a=2   
                                                 
245The standardization on the interval 1,1−  necessitates the excluding of the probability of shortfall   
occurrence of the ith asset.  
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The other input parameters are: 
 nx ℜ∈ :  vector of portfolio weights  
   ( )Tnxxx ,...,1=  
 nµ ℜ∈ :  vector of expected returns  
   ( )Tn1 µ,...,µµ =  
    µi computed as in the formulae 4.8 
 mxnA ℜ∈ :  matrix of restriction coefficients  























 nb ℜ∈ : vector of restriction values  
   ( )Tmbbb ,...,1=  
  
Then, the standard critical line algorithm is applied on the following optimization 
problem246: 
 
Min xLPMxLPM T2p ⋅⋅=             (4.42) 
s. t.: p
T µxµ =⋅   
bxA =⋅   247 
)n,...,1i(xfor,0x1 ii ∈∀≥≥  
 
Only formulation 4.42 of the (µ, LPM)- optimization was applied for the (µ, LPM)- 
optimization in this thesis.  
The examples of the (µ, LPM)- efficient frontiers computed with real asset returns and with 
a=2 can be find in the section 4.6.4.4.. To be sure that 4.42 still belongs to the convex 
quadratic programming, the objective functions and contraints have to be analysed. 
Usually, all eigenvalues of the matrixes of the objective functions are positive, i.e. the 
matrixes are positive definite. Since the matrixes are positive definite, the objective 
                                                 
246 Nawrocki (1991), p. 5 
247The standard form of the portfolio model set Ai and b in the linear equality constrain of the general 








functions are convex. As the objective functions are convex and quadratic and the 
constraints are linear, the problem 4.42 can be said to be a convex quadratic optimization 
problem. Therefore, the optimization results in a concave efficient frontier.  
An example: the (µ, LPM)-  optimization for the G7 market in the section 4.6.4.4.. The 








































































































 0,0007  0,0005  0,0005  0,0005  0,0008  0,0008  0,0005
0,0006  0,0008  0,0007  0,0006  0,0009  0,0008  0,0008
0,0004  0,0005  0,0021  0,0007  0,0008  0,0007  0,0006
0,0005  0,0004  0,0009  0,0015  0,0009  0,0010  0,0006
0,0008  0,0008  0,0009  0,0011  0,0016  0,0013  0,0009
0,0008  0,0007  0,0009  0,0010  0,0013  0,0014  0,0008
0,0005  0,0008  0,0008  0,0007  0,0009  0,0008  0,0012
 (4.43) 
 































EI               (4.44) 
 
As all eigenvalues of the matrix of the objective function are positive, the matrix is positive 
definite. So, the objective functions is convex. As the objective function is convex and 
quadratic and the constraints are linear, the problem 4.43 can be said to be a convex 
quadratic optimization problem. As we can see in the figure 4.39, the optimization gives 
the concave efficient frontier. 
The critical line algorithm can be applied also on the heuristic optimization with SDi, a-








4.5.1 Optimization algorithm for the portfolio model based on mean and 
semivariance  
 
Markowitz proposed the critical line algorithm also for the optimization based on the 
semivariance and mean. He replaced the C matrix of covariances by the SV matrix of the 
semicovariances with svij computed as in the equation (4.15). This matrix of semivariances 
depends on the actual portfolio structure x, therefore the computation of the efficient 
segments of the critical lines is determined not only by the base248 (IN) and non-base 
variables (OUT), but also by the changes in the semivariance matrix with new portfolio 
weights. Due to unusual understanding of the semivariance, this algorithm did not find 
popularity in the praxis. 
Later Markowitz249 developed critical line algorithm for the portfolio semivariance defined 
as250:  
 








Recall that the co-movements between individual asset returns are taken to be irrelevant in 
this portfolio semivariance. In addition, the downside return distributions of the individual 
assets are not considered when the portfolio return does not fall short. In spite of these 
disadvantages we describe this algorithm because of it often appears in the literature. 








tp zsv              (4.46) 
s. t.: p
T µxµ =⋅  
0zyxB T =+−⋅ +  
bxA =⋅  
0z0,y0,x ≥≥≥  
                                                 
248 Base variables: 0x > , non-base 0x =  
249 Markowitz (1993), p. 307-317 










where the zt variables are defined as the time variables that measures the deviations of the 
















   for T...1t =  
 










































          (4.48) 
 
so we see that yt is a function of Bt : ttt xBy ⋅= , and for T...1t = we can write in a vector 
form xBy ⋅= . This vector can be divided in two vectors: +y containing only positive and 
z only absolute value of negative deviations from the target:  
    
zyy −= + .               (4.49) 
 
Then, it must be valid: 
 
zyxB −=⋅ + ,              (4.50) 
 
which represents rearranged c) condition which assures that subtracting positive deviations 
from the both-size deviations and adding negative ones gives zero.  
Finally, we have 2T+n variable, or 2T+n+U+V in case of equality constraints.  


































As the ET,T is a unit matrix and the other one are zero matrixes, we can simply write: 
  
)z(E)z(sv Tp ⋅⋅=               (4.52) 
 
The efficient segments of the critical lines are computed by using the Kuhn-Tucker 
conditions which are described in the optimization algorithm for the (µ, σ)- model. We 







































































































          
 
The replacement of the rows of the matrix of the assets with xi equal to zero by the identity 







4.6 Empirical tests  
 
4.6.1 Objectives and conception 
 
In this chapter the impact of two portfolio models representing two basic approaches in the 
modern portfolio theory will be examined. The first model is well known Markowitz’s 
portfolio model with the asset allocation based on mean and variance as described in the 
chapter 2. The second one, mean-shortfall risk portfolio model, differs in the risk 
understanding. In the Markowitz’s portfolio model investor fears to miss the expected 
return, i.e. risky are deviations from the mean on the both sides, in the second approach he 
fears to fall below the minimal acceptable return.  
Due to the comparability with the variance, the shortfall variance was chosen from the 
measures of shortfall risk (lower partial moments). As return deviations are squared in both 
risk measures now, they are equally sensitive to data outliers. The target return was set 0%, 
what expresses the risk of capital loss. 
 
I. Objective: 
The first objective of this empirical study is to clarify the extent of the in-the-sample 
(ex ante) differences between the asset allocations optimized with the (µ, σ)- and (µ, 
LPM2,τ)- portfolio model. Emerging markets, mature and global capital market are 
incluced in the test. 
 
When the ex ante difference is not significant, it will be possible to approximate both risk 
understanding with one portfolio model at least in the practice. As the differences are 
supposed to grow with the non-normality of return distributions251, emerging markets 
which usually exhibit non-normal return distributions have to be included into the tests. 
Additionally, tested mature market has to confirm this effect.  
The differences in the efficient portfolios discovered in the first objective are limited as 
they are based on the investor’s expectations of returns, variances, shortfall variances. The 
ex-ante statement about the superiority of portfolio model can be met analytically. All 
portfolios that are not computed with the (µ, LPM2,τ)- optimization algorithm, also the 
(µ,σ)- optimal, are ex-ante suboptimal in the (µ, LPM2,τ)- coordinate system and vice versa.  
                                                 
251 Merriken (1994), p. 69 
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However, the real efficiency can be evaluated only at the end of the holding period when 
returns, variances and shortfall variances were realized. When the input data and other 
conditions are the same for both models, better realized performance can be explained by 
the application of more appropriate and exact measure of risk and return dependency. From 
these considerations arises the second objective:  
 
II. Objective: 
It has to be analyzed whether the (µ, σ)- portfolio model leads to better realized (out-
of-sample or ex-post) performance in comparison with the (µ, LPM2,τ)- portfolio 
model, and whether this performance difference is statistically significant. The test 
should be performed on emerging markets, and for the comparison also on mature 
and global capital market.  
 
The performance differences are measured as the absolute and relative differences in the 
average portfolio returns, variances and shortfall variances, Sharpe-ratios and R/SV-ratios 
of the (µ, σ)- and (µ, LPM2,τ)- optimized portfolios. As the Sharpe-ratio adjusts return by 
the standard deviation, it represents one perfomance meaasure which express both 
dimensions of the performance – return and risk. According to the separation theorem in 
the portfolio theory, all (µ, σ)- efficient (optimal) portfolios are created as a linear 
combination of the portfolio with the highest Sharpe-ratio and risk free asset. In addition, 
the Sharpe-ratio is the most often applied performance measure in the financial practice 
and theory. However, it is often criticized because of biased performance ranking252. 
Therefore, we use also the shortfall risk- based R/SV-ratio (R/LPM2,τ) which suggested Ang 





The main steps of the procedure of this empirical study can be summarized as follows: 
1. Objectives and conception 
2. Procedure 
3. Definition of the used asset universe  
                                                 
252 Lee (1977), p. 55-72; Ang/Chua (1979), p. 361-384; Saunders/Ward/Woodward (1980), p. 323-330,  
  Levy (1991), p. 745-747 
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- Statistical characteristics of the examined return time series  
4. Asset allocation with the (µ, σ)- and (µ, LPM2,τ)- portfolio model  
-  Hypothesis to the ex-ante differences in the asset allocation with the (µ, σ)- and       
(µ, LPM2,τ)- model based on the expected returns and expected risk measures   
-  Definition of the portfolio types  
-  The (µ, σ)- and (µ, LPM2,τ)- portfolio optimization for tangential portfolios 
-  Analysis of the ex-ante differences in the optimal portfolios 
- Confirmation or refutation of the hypothesis   
          fulfillment of the I.objective 
5. Realized (ex post) performance with the (µ, σ)- and (µ, LPM2,τ)- model 
- The hypotheses to the realized performance with the (µ, σ)- and (µ, LPM2,τ)-   
              portfolio model are formulated which are based on the analysis in the previous   
              chapters 2., 3., 4. 
- The realized performance of the (µ, σ)- and (µ, LPM2,τ)- portfolios which were   
  obtained from the optimization in 4.6.4.3 is computed and the test of statistical   
  significance and standard errors of the realized results is calculated.  
- This realized performance is analysed in terms of:  
a. realized performance ratios 
b. realized returns and risks 
- Confirmation (or refutation) of the hypothesis  
fulfillment of the II.objective 
- Influences on the differences in the realized historical performance are clarified  
6. Simulation  
- Definition of the asset universe and portfolio types 
- Estimation of the parameters of return distributions for all assets as an input in the    
   generation of random returns 
- Generation of random returns  
- Optimization with the (µ, σ)- and (µ, LPM2,τ)- portfolio model for given expected    
   returns 
- Computation of the realized performance and of its standard error 
- Analysis of realized simulated performance  
- Influences on the differences in realized simulated performance 
- Conclusion of the simulation 
confirmation (or refutation) of the hypothesis from the 5. step 
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7.  Conclusion of the empirical study 
 
4.6.3 Asset universe 
 
The asset universe coveres 18 emerging equity capital markets from the Standard&Poor 
Emerging Market Investable Index (S&P/IFCI) with weight more than 1%, i.e. those with 
the largest market capitalization and liquidity under consideration of foreign trade 
restrictions. Korea, Taiwan (China), Mexico, South Africa, Brazil, Greece, Malaysia, 
Turkey, Chile, China, Israel, India, Argentina, Indonesia, Thailand, Egypt, the Philippines 
approximate world emerging market, and are represented by the largest national equity 
indices. The capital markets of Central and Eastern Europe is excluded from the test, 
because their historical return time series are substantially shorter in comparison with other 
emerging markets253. As we use the estimation based on historical data by other capital 
markets, the same estimation of the input parameters would not be possible. Therefore, it 
could not be stated whether the difference in performance is caused solely by different risk 
measures. The mature equity capital markets represent G7-lands: Canada, Germany, 
France, Great Britain, Japan, Italy, Japan, the USA.  
The examined period commences in June 1993 and ends in May 2002 encompasing 105 
monthly simple (not logarithmic)254 returns per index. Then, the arithmetic average returns 
are utilized since they are congruent with the aplication of the simple returns and because 
the returns are not plough back in the investment of the next period255. Since the national 
indices are quoted in the local currency, we assume perfect currency hedging to exclude 
the foreign exchange risk256. The transaction costs are assumed not to be important for the 
test, and will be ignored. The short sales were excluded. The data are provided by the 
Reuters’ system. For the optimization the softwaretools is utilized, which was programmed 





                                                 
253 These capital markets were established only in the first half of the nineties, and data of the first years 
could not be used for the estimation of the future development. 
254 For the clarification of the use of simple reeturn see p.67. 
255 Dorfleitner (2003), p.80, see also p.66 of this thesis. 
256 This can be achieved by buying the currency put options. The costs of such hedging are assumed not to be 
important for the test, and are ignored 
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4.6.3.1  Statistical characteristics of the examined return time series  
 
The asset performance is usually characterized by the first two statistical moments, mean 
and variance. The skewness and kurtosis provide us with additional information by non-
normally distributed returns. Plausible is to prefer asset with higher mean, lower standard 
deviation and shortfall standard deviation, higher positive skewness and lower kurtosis. 
The average monthly performance for the entire period for all indices gives the table 4.5. 
The non-normally257 distributed returns can be used as an indicator for diffences between 
the models since the (µ, σ)- model takes only account of the mean and variance and the 
(µ,LPM2,τ)- model also skewness and kurtosis258. The normal distribution can be verified 
by the tests on significancy of the skewness or kurtosis. According to the Shapiro’s 
skewness test259 all index returns (grey in table 4.5) with the exception of four are skewed 
with statistical significance, so we can conclude that returns of the indices are not normally 
distributed. On average, the deviation from normality is higher on the emerging than on 

















                                                 
257 The non-normal return distributions, in opposite to normal, are not fully characterized by the first and 
second moment – mean and variance. 
258 See section 4.4.2 
259 Shapiro et al (1964), p. 1364 
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Land  Return  Std Skewness Kurtosis Shortfall 
Std 
Malaysia 0.0048  0.1012  0.5967  1.5434  0.0638  
Mexico 0.0157  0.0952  -0.6131  0.7347  0.0634  
Korea  0.0082  0.1114  1.0534  3.3516  0.0641  
Taiwan 0.0082  0.0942  0.8238  2.2176  0.0557  
Brasil 0.0299  0.1290  0.3083  2.1875  0.0702  
Chile 0.0066  0.0568  0.0895  2.4177  0.0351  
China 0.0057  0.1007  0.6694  1.8331  0.0616  
Turkey 0.0590  0.1834  0.9968  2.8708  0.0820  
Greece 0.0132  0.0955  0.9410  3.0218  0.0527  
India 0.0053  0.0776  0.3080  -0.2993  0.0491  
Argentina 0.0137  0.1183  0.9855  3.5358  0.0649  
Peru  0.0076  0.0880  0.5409  2.7481  0.0539  
Indonesia 0.0073  0.0981  -0.1913  1.3796  0.0659  
Thailand  -0.0023  0.1175  0.6953  0.8336  0.0762  
Philippines 0.0020  0.0993  0.8755  3.1695  0.0623  
Egypt 0.0111  0.0671  2.0329  6.8493  0.0288  
Israel 0.0082  0.0711  -0.4361  0.2003  0.0495  
South Africa 0.0120  0.0625  -1.0971  5.0677  0.0422  
Canada 0.0069  0.0507  -0.7953  2.3495  0.0351  
France 0.0080  0.0575  -0.2265  -0.3582  0.0375  
Germany 0.0098  0.0622  -0.3793  0.8898  0.0405  
Italy 0.0089  0.0696  0.6604  0.6958  0.0386  
Japan -0.0040  0.0609  -0.0085  -0.0940  0.0456  
USA 0.0087  0.0433  -0.5910  0.5751  0.0282  
Great Britain 0.0055  0.0386  -0.4346  0.1246  0.0259  
 














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Important information about the capital markets gives the correlation. The table 4.6 
confirms that the correlation on the emerging markets, and between the emerging and 
mature capital market is substantially lower than on the mature capital markets.  
The following table reveals the differences between the performance measures Sharpe-
ratio (R/Std) and R/SV-ratio (R/LPM2,τ)260  in the index ranking. 
 
R/Std = σµ /)r( f−               (4.54) 
R/SV = 2/1,2 )( τLPMτ)/(µ −              (4.55) 
 
The ratios measure the return premium paid for the accepted risk. As we want to examine 
differences in the performance caused only by the risk measures, the risk-free rate rf was 
assumed to be equal to the target return of 0%.  
Table 4.7 shows that the ranking of individual indices changes by the application of 
different risk measures at most by four places. The performance ranking of 13 indices from 
the total of 25 remains the same. The mature capital markets are placed in the first half of 
the ranking. However, the emerging markets take the first three places according to the 
R/SV- ratio (Turkey, Brazil, Egypt) and the first two according to the Sharpe-ratio (Turkey, 















                                                 
260 Sortino (1994), p. 59-64 
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Land R/Std Ranking R/SV Ranking 
Malaysia 0.0473 22 0.0750 22 
Mexico 0.1649 6 0.2477 7 
Korea  0.0738 19 0.1282 18 
Taiwan 0.0870 16 0.1472 16 
Brasil 0.2316 2 0.4255 2 
Chile 0.1160 14 0.1877 14 
China 0.0562 21 0.0919 21 
Turkey 0.3219 1 0.7202 1 
Greece 0.1383 10 0.2507 6 
India 0.0682 18 0.1078 20 
Argentina 0.1160 12 0.2115 12 
Peru  0.0867 17 0.1415 17 
Indonesia 0.0748 20 0.1114 19 
Thailand  -0.0200 24 -0.0308 24 
Philippines 0.0202 23 0.0321 23 
Egypt 0.1661 5 0.3875 3 
Israel 0.1149 15 0.1652 15 
South Africa 0.1928 4 0.2855 5 
Canada 0.1369 11 0.1975 13 
France 0.1386 9 0.2126 11 
Germany 0.1571 7 0.2410 8 
Italy 0.1286 13 0.2317 9 
Japan -0.0662 25 -0.0884 25 
USA 0.2020 3 0.3097 4 
G. Britain 0.1432 8 0.2138 10 
 
Table 4.7: Comparison of the performance ranking of the indices with the Sharpe- and 
R/SV- ratio  
 
4.6.4 Asset allocation with the (µ, σ)- and (µ, LPM2,τ)- portfolio model  
 
The way to perform the asset allocation with the (µ, σ)- and (µ, LPM2,τ)- portfolio model 
can be divided in three steps: 
1.   Hypothesis  
2. Definition of the portfolio types  
3. The (µ, σ)- and (µ, LPM2,τ)- portfolio optimization  
- Estimation of the input parameters 
- Tangential portfolio of the (µ, σ)- and (µ, LPM2,τ)- efficient frontier  
4. Analysis of the ex-ante differences in optimal portfolios  
5. Confirmation or refutation of the hypothesis   
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4.6.4.1  Hypothesis  
 
In the first objective the ex ante differences between the asset allocation with both portfolio 
models on the emerging markets, mature and global capital market has to be examined.  
 
Hypothesis A: The ex-ante differences in the asset allocation with the (µ, σ)- and  
(µ,LPM2,τ)- model based on the expected returns and expected risk measures exist on all 
market types, and are higher on the emerging and global market than on the mature 
capital market.  
 
Cause: In the theoretical part of this theses we state that the (µ, σ)- and (µ, LPM2,τ)- model 
differ substantially in the measurement of risk and return dependence. The (µ, σ)- model 
takes only account of the mean and variance, whereas (µ, LPM2,τ)- model also of the 
skewness and kurtosis. Statistically significant skewness and kurtosis of the return time 
series (non-normal distributions) indicate that the results of portfolio optimization will 
differ. The section 4.4.2 clarifies that differences in the (µ, σ)- and (µ, LPM2,τ)- evaluation 
occur by asymmetric return distributions (table 4.2), but also by symmetric return 
distributions which exhibit unequal kurtosis (table 4.3). The emerging markets exhibit on 
average higher deviation from the normal distribution than mature capital market, therefore 
higher differences are expected for them.  
 
4.6.4.2  Definition of the portfolio types 
 
From the chosen asset universe five types of equity capital markets were formed: two types 
of emerging markets EM(10) and EM(17), global market EM(10)+G7, mature market G7 
and portfolio type EM(10)+DAX attractive for german investors. The compositions of 











LAND EM(10) EM(17) G7 EM(10)+G7 
EM(10)
+DAX
Malaysia X X  X X 
Mexico X X  X X 
Korea  X X  X X 
Taiwan X X  X X 
Brasil X X  X X 
Chile X X  X X 
China X X  X X 
Turkey X X  X X 
Greece X X  X X 
India  X  X X 
Argentina  X    
Peru   X    
Indonesia  X    
Thailand   X    
Philippines  X    
Egypt  X    
Israel  X    
South Africa X     
Canada   X X  
France   X X  
Germany   X X X 
Italy   X X  
Japan   X X  
USA   X X  
Great 
Britain 
  X X  
 
Table 4.8: Portfolio types 
 
4.6.4.3  The (µ, σ)- and (µ, LPM2,τ)- portfolio optimization  
 
- Estimation of the input parameters  
To simplify matters, we apply the most commonly practised forecasting method – 
computation of the optimization parameters on the basis of historical returns. By the same 
input data and other conditions for both portfolio models which differ only in the risk 
measure, better realized performance can be explained only by the application of more 
appropriate and exact risk measure.   
The necessary input parameters µi, σi  and LPMij(2,τ) for the first (µ, σ)- and (µ, LPM2,τ)- 
optimization are estimated from the first 48 month-returns (r1 : r48) of the entire examined 
period (r1 : r105). For the next optimization this estimation period of 48 months is shifted 
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one month forwards (r2 : r49). We repeat it 57-times, and finally obtain 57 estimation 
periods (figure 4.26).  
 
 
     
 
     1.estim. period  
 
 
      2.estim. period 
  
 










    r1               r48  r49  r50         rt 
 
                   
Figure 4.26: Procedure of the estimation and portfolio optimization 
 
The computed efficient portfolios which are ex ante efficient, will be afterwards only then 
efficient when the returns, variances, shortfall variances, covariances, shortfall covariances 
were forecasted correctly. Due to the difficulties in the forecasting, the ex post efficiency 
of the ex ante tangential portfolios but also other efficient portfolios has to be considered 
as really unrealistic261. The figure 4.27 shows the ex post efficient portfolios (bold curve) 








                                                 
261 Impact of the estimation errors on the efficient investments in: Chopra/Ziemba (1993), p.6-11, 
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Figure 4.27:  Differences in ex post and ex ante efficiency. 
 
- Tangential portfolio of the (µ, σ)- and (µ, LPM2,τ)- efficient frontier 
We choose the tangential portfolio of the (µ, σ)- and (µ, LPM2,τ)- efficient frontier by each 
portfolio type. The tangential portfolio represents the maximum efficiency portfolio, i.e. 
the portfolio with the highest return premium on one unit of risk. In the combination with 
risk-free asset it provides the portfolios which dominate efficient portfolios without the 
risk-free asset.  
The tangential portfolio in the (µ, σ)- model, i.e. the portfolio with the highest Sharpe-ratio, 
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)n,...,1i(xfor,0x1 ii ∈∀≥≥  
 
We construct 57 (µ, σ)- and (µ, LPM2,τ)- tangential portfolios per each portfolio type 
(figure 4.26).  
Here, standard optimization function Solver in the software application MS Excel and 
macros programmed in the Visual basic for Excel (VBA) are applied.  
 
4.6.4.4  Analysis of the ex-ante portfolio differences 
 
The average portfolio weights, average expected returns, variances and shortfall variances, 
Sharpe-ratio and R/SV-ratio (table 4.9) are computed to compare the portfolios.  
The most different monthly average expected returns, standard deviations and shortfall 
standard deviations are found on the global market, and then on the emerging markets. The 
lowest difference occurs by the G7-portfolio type. The differences in the average Sharpe-






























EM(10)               
Variance 
optimized 
2,2058 4,7665 0,0205 0,4627 100,0000 1,0746 100,0000 
Short. variance 
optimized 
2,7349 5,9270 0,0187 0,4614 99,7128 1,4655 136,3735 
Difference 
(abs.) 
0,5292 1,1605 -0,0019 -0,0013 -0,2872 0,3909 36,3735 
EM(17)          
Variance 
optimized 
2,0155 4,1138 1,5114 0,4899 100,0000 1,3335 100,0000 
Short. variance 
optimized 
2,1697 4,5805 1,1522 0,4737 96,6827 1,8830 141,2083 
Difference 
(abs.) 
0,1542 0,4668 -0,3592 -0,0163 -3,3173 0,5495 41,2083 
EM(10)+G7          
Variance 
optimized 
1,8478 3,1104 1,5882 0,5941 100,0000 1,1634 100,0000 
Short. variance 
optimized 
2,3233 4,7864 1,1827 0,4854 81,7109 1,9645 168,8541 
Difference 
(abs.) 
0,4756 1,6759 -0,4055 -0,1086 -18,2891 0,8011 68,8541 
G7          
Variance 
optimiezed 
1,4982 4,1002 0,3654 0,3654 100,0000 0,6879 100,0000 
Short. variance 
optimized 
1,6034 4,4448 0,3607 0,3607 98,7231 0,7400 107,5671 
Difference 
(abs.) 
0,1052 0,3445 -0,0047 -0,0047 -1,2769 0,0521 7,5671 
EM(10)+DAX          
Variance 
optimiezed 
2,0561 4,3953 1,7286 0,4678 100,0000 1,1895 100,0000 
Short. variance 
optimized 
2,5047 5,4163 1,5131 0,4624 98,8550 1,6553 139,1679 
Difference 
(abs.) 
0,4486 1,0210 -0,2155 -0,0054 -1,1450 0,4659 39,1679 
 
Table 4.9: Ex-ante (µ, LPM2,τ)- and (µ, σ)- portfolio differences in the average decision 
parameters 
 
The average portfolio compositions corresponds with the findings above. The tables below 
show that the greatest weight differences exhibits the global portfolio, then the emerging 
market with DAX. The lowest difference of 3,8% appears on the emerging market (EM17), 
but it is caused by high asset diversification in the portfolio. The highest distinction in the 





EM (10) (µ,σ) % (µ,LPM2,τ) % Difference%
Malaysia 0,08 0,00 0,08 
Mexico 1,21 0,00 1,21 
Korea  0,34 1,70 -1,35 
Taiwan 21,27 13,43 7,84 
Brasil 0,46 3,91 -3,45 
Chile 6,31 5,30 1,01 
China 30,02 37,97 -7,95 
Turkey 14,92 26,26 -11,35 
Greece 11,43 3,51 7,91 
South Africa 13,96 7,91 6,05 
 
Table 4.10: Average optimal portfolio composition on the emerging markets (EM 10) 
 
Figure 4.28: Development of portfolio weights of the (µ, σ)-tangential portfolio on the 






























Figure 4.29: Development of portfolio weights of the (µ, LPM2,τ)- tangential portfolio on 
the emerging market (EM 10) 
 
EM (10)+G7 (µ,σ) % (µ,LPM2,τ) % Difference %
Malaysia 0,00 0,57 0,57 
Mexico 0,00 0,00 0,00 
Korea  0,39 0,84 0,45 
Taiwan 1,15 4,90 3,75 
Brasil 0,04 2,60 2,55 
Chile 7,88 2,48 -5,40 
China 13,45 36,46 23,01 
Turkey 0,41 16,09 15,68 
Greece 0,00 0,05 0,05 
India 12,61 15,40 2,79 
Canada 1,68 0,05 -1,63 
France 0,00 0,08 0,08 
Germany 0,12 0,09 -0,02 
Italy 0,38 5,23 4,85 
Japan 6,43 2,51 -3,92 
USA 8,52 8,05 -0,48 
Great Britain 46,94 4,59 -42,35 
 

































Figure 4.30: Development of portfolio weights of the (µ, σ)-tangential portfolio on the 
global market (EM 10+G7) 
 
Figure 4.31: Development of portfolio weights of the (µ, LPM2,τ)- tangential portfolio on 





































































 EM (10) 
+DAX 
(µ,σ) % (µ,LPM2,τ) % Difference %
Malaysia 1,33 1,84 0,51 
Mexico 0,15 0,00 -0,15 
Korea  0,98 2,38 1,40 
Taiwan 6,39 6,22 -0,17 
Brasil 1,68 1,96 0,28 
Chile 7,46 3,09 -4,37 
China 30,40 42,59 12,19 
Turkey 10,50 21,44 10,94 
Greece 5,69 1,56 -4,13 
India 10,17 14,42 4,25 
Germany 25,23 4,51 -20,72 
 
Table 4.12: Average optimal portfolio composition on the emerging markets with DAX 
(EM 10+DAX) 
 
Figure 4.32: Development of portfolio weights of the (µ, σ)-tangential portfolio on the 































Figure 4.33: Development of portfolio weights of the (µ, LPM2,τ)- tangential portfolio on 
the emerging market and DAX (EM 10+DAX) 
 
EM (17) (µ,σ) % (µ,LPM2,τ) % Difference % 
Malaysia 1,31 1,75 0,45 
Mexico 0,45 0,01 -0,44 
Korea  1,25 1,81 0,55 
Taiwan 9,47 4,71 -4,76 
Brasil 2,24 1,68 -0,56 
Chile 4,82 0,61 -4,21 
China 28,74 35,82 7,08 
Turkey 9,74 15,41 5,67 
Greece 6,38 1,98 -4,41 
India 3,27 8.08 4,82 
Argentina 1,18 0,37 -0,80 
Peru  0,00 0,00 0,00 
Indonesia 0,18 0,00 -0,17 
Thailand  0,23 2,50 2,28 
Philippines 0,00 0,00 0,00 
Egypt 15,24 19,97 4,74 
Israel 15,50 5,28 -10,22 
 


































Figure 4.34: Development of portfolio weights of the (µ, σ)- tangential portfolio on the 
emerging market (EM 17) 
 
Figure 4.35: Development of portfolio weights of the (µ, LPM2,τ)- tangential portfolio on 






































































G7 (µ,σ) % (µ,LPM2,τ) % Difference %
Canada 0,17 1,19 1,02 
France 17,79 12,18 -5,61 
Germany 0,00 0,01 0,01 
Italy 5,82 23,89 18,07 
Japan 0,00 0,00 0,00 
USA 47,87 40,70 -7,17 
Great Britain 28,35 22,04 -6,31 
 
Table 4.14: Average optimal portfolio composition on the mature market (G7) 
 
 
Figure 4.36: Development of portfolio weights of the (µ, σ)-tangential portfolio on the 






























Figure 4.37: Development of portfolio weights of the (µ, LPM2,τ)- tangential portfolio on 
the mature market (G7) 
 
The efficient frontiers depicted in the graphs below reflect the optimization results, so the  
(µ, σ)- optimal portfolios lie more beneath the (µ, LPM2,τ)- efficient frontier on the 
emerging than on the mature market. The frontiers were obtained from one optimization 






























Figure 4.38: Efficient frontiers for the portfolio of the greatest 10 emerging markets 
 







































Figure 4.40: Efficient frontiers for the portfolio of the greatest 10 emerging markets with 
DAX 
 
4.6.4.5 Confirmation (or refutation) of the hypothesis   
 
Finally, we can confirm the hypothesis A that substantial differences exist in the asset 
allocation with the tested portfolio models on the emerging, global and mature market, 
whereby they are higher on the emerging and global than on the mature market. So, we do 
not advise to approximate both risk understanding with one portfolio model in the practice. 
Herewith, the I. objective – clarifying of the extent of the in-the-sample (ex ante) 
differences between the asset allocations optimized with the (µ, σ)- and (µ, LPM2,τ)- 
portfolio model – can  be considered as fulfilled.  
 
4.6.5 Realized performance with the (µ, σ)- and (µ, LPM2,τ)- portfolio model 
 
The process of the comparison of realized performance with the (µ, σ)- and (µ, LPM2,τ)- 
portfolio model consists of the following steps: 
1. The hypotheses and objectives are formulated which are based on the analysis in 





















2. The realized performance of the (µ, σ)- and (µ, LPM2,τ)- portfolios which were   
  obtained from the optimization in 4.6.4.3 is determined.  
2.1   Computation of the realized performance   
2.2   The test of statistical significance and standard errors of the realized 
performance 
2.3   Results of the realized performance 
3.  This realized performance is analysed in terms of: 
3.1 realized performance ratios 
3.2 realized returns and risks 
4. Confirmation (or refutation) of the hypothesis   
5. The influences on the differences in realized performance are clarified 
  
4.6.5.1  Hypotheses and objectives 
 
If the realized average returns, variances and shortfal variances agreed with the expected 
ones at the end of holding periods, it would be easy to answer the question of better ex post 
performance of portfolio models. Since the efficient frontiers of the shortfall variance - 
based model lie above the efficient frontiers of the variance - based model, the expected 
performance of the former one is better than the latter one. However, this holds only for 
investors who understand risk as falling below the target return, i.e. for the optimization 
results in the (µ, LPM2,τ)- coordinate system. For the (µ, σ)- coordinate system the opposite 
holds true.  
Nevertheless, the equality of the expected with the realized returns is extremely unrealistic 
(see figure 4.25), therefore an ex post performance comparison of both models has to be 
accomplished. With the same input data and other conditions for both portfolio models, 
then differing only in the risk measure, better realized performance can be explained only 
by the application of more appropriate and exact risk measure. The performance results in 
the sample have to be confirmed for the population by the test on statistical significancy 
and the standard errors of the results have to be computed..  
 
Hypothesis B: On the emerging, global and mature capital market the realized (ex post) 
performance of the (µ, LPM2,τ)- portfolio model is better than this of the (µ, σ)- portfolio 




Cause: The variance captures both-side return deviations from the expected return. As in 
the optimization algorithm of the (µ, σ)- model the variance is minimized, not only 
undesirable downside deviations from the expected return, but also desirable deviations on 
the upside are avoided. Since the shortfall standard deviation distincts between the upward 
and downward return deviations, whereby only the volatility below the financial target 
incurs risk, by its minimization the chance to over perform the target return is not 
eliminated. This disadvantage of the (µ, σ)- model occurs above all by the portfolios with 
significant skewness and kurtosis of return time series (non-normal distributions). We can 
expect it on the examined markets because of their non-normally distributed returns. 
Additionally, discern measurement of return dependence in the models affects the 
performance. As we see in the section 4.4.4, with the co-shortfall risk the assets with 
simultaneous upward return deviations from the reference point do not increase the 
portfolio risk as in case of the covariance. Then, by the risk minimization in the (µ, 
LPM2,τ)- optimization algorithm these assets with simultaneous upside potential are not 
eliminated from the portfolio as by the (µ, σ)- optimization. Positive effect on superior 
performance of the (µ, LPM2,τ)- model should have the signalization of simultanous asset 
decline by the co-shortfall risk where the covariance reveals high diversification benefit. 
The complexity and simultaneous impact of the effects described above make the 
analytical proof of the hypotheses B much more difficult than the numerical evidence 
provided in this emirical study. Beside this fact, in the literature such tasks used to be 
handled with the numerical methods262.     
 
Hypothesis C: On the emerging and global market the realized (ex post) performance 
between the (µ, σ)- and (µ, LPM2,τ)- portfolio model differs more than on the mature 
capital market.  
 
Cause: The emerging markets exhibit, on average, higher deviation from the normal return 
distribution than mature market, what should be reflected not only in the ex ante 




                                                 
262 e.g. Kleeberg (1995), Nawrocki (1991), Harlow (1991) 
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4.6.5.2  Determination of the realized performance of the (µ, σ)- and (µ, LPM2,τ)- 
portfolio model  
 
4.6.5.2.1 Computation of the realized performance   
 
Since the composition of the portfolios differs (see tables 4.10-4.14), we can expect a 
priori distinct realized performance. 
In the section 4.6.4. we have constructed 57 tangential portfolios per model and per each 
portfolio type263. Now, we compute 57 realized returns per model and per each portfolio 
type. We compute the tth realized return tr̂ as a product of the asset weights of the tth 
tangential portfolio xt and asset returns in the first month rt+1 following the estimation 
period from rt-48+1 to rt :  
 
1ˆ +×= ttt rxr   with 105,48∈t  for tr̂ .                  (4.58) 
 
 
     
 
     1.estim. period  
 
 
      2.estim. period 
  
 










    r1                r48  r49  r50         rt 
 
                   
Figure 4.41: Procedure of the portfolio optimization (continuing) 
 
                                                 
263Kroll/Levy (1984), p. 47-62.: stated that 40-50 observations are necessary in order to reduce the  
estimation error. Our 57 periods should be sufficient for unbiased results.  







57. realized pf. return
1.tang. portfolio  
x return of 49.month 
2.tang. portfolio  
x return of 50.month 
3.tang. portfolio  
x return of 51.month 
2.realized pf. return 
3.realized pf. return 
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τ               (4.61) 
 
for all tested markets. The integrated performance are given by the Sharpe- ( StdR /ˆ ) and 
R/SV- ratio ( /SVR̂  ) by 0== frτ :  
 
srrStdR f ˆ/)ˆ(/ˆ −=               (4.62) 
2/1
,2 )ˆ(ˆˆ τMPLτ)/r(/SVR −=              (4.63) 
 










4.6.5.2.2 The test of statistical significance and standard errors of the realized 
performance 
 
The test of statistical significance of the difference in the arithmethical means for the 
connected samples 
With the test of statistical significance for the difference in the arithmethical means for the 
connected264 samples265can be proved wether the realized average return Stdr̂  of the 
variance-based portfolios differs from the average return SVr̂  of the shortfall variance-
based portfolios statistically significant, i.e. the difference occurs also in the population266  
The hypothesis H0,1 is formulated that the difference in the realized return means in the 
population is zero H0,1: SVStd µµ ˆˆ = . The alternative hypothesis is HAlt,1: SVStd µµ ˆˆ ≠ .  
The variable t-value is computed and compared with the critical t-value from the student 






















ˆ                (4.65) 
tSVtStdtDiff rrr ,,, ˆˆˆ −=                 (4.66) 
tStdr ,ˆ = realized return of the variance-based portfolios in the tth period 
tSVr ,ˆ = realized return of the shortfall variance-based portfolios in the tth period 
)ˆ(ˆ Diffrσ  = standard deviation of the differences in the realized return of the   
     variance- and shortfall variance-based portfolio 
 
                                                 
264 Samples are connected when the first sample depends on the second (i.e. the assets of the (µ, σ)- 
optimized portfolio occurs also in the the (µ, LPM2,τ)- optimized portfolio 
265 Beymüller/Gehlert/Gülicher (1986), p.115; Sachs (1999), p.407 
266 The conditions of this tests: - variance of the return differences is constant, -the samples are big enough, 
so the Centraal Limit Theorem is valid, or the variable is normally distributed.  These conditions can be 
considered as approximately fulfilled here.  
267 t-values table can be found e.g. Bleymüller/Gehlert (2003), p.124 
 
153 
When the t-value is greater than the critical t-value, the H0,1 hypothesis can be refuted. The 
HAlt,1 hypothesis can be confirmed, so the difference in the means is statistically significant 
on the 95% significance level. 
 
The test of statistical significance of the difference in the variances for the connected 
samples 
With this test268 can be proved wether the differences in the samples between the realized 
variance 2ˆStds  of the variance-based portfolios and the realized variance 
2ˆSVs  of the shortfall 
variance-based portfolios is statistically significant, i.e. occurs also in the population. 
The hypothesis H0 is formulated that the difference in the realized variance in the 
population is zero H0,2: 22 ˆˆ SVStd σσ = . The alternative hypothesis is HAlt,2: 
22 ˆˆ SVStd σσ ≠ .  
The variable t-value is computed and compared with the critical t-value from the student 













=−                      (4.67) 
 
If the t-value is greater than the critical t-value, the H0,2 hypothesis can be refuted. So, the 
HAlt,2 hypothesis can be confirmed, i.e. the difference in the means is statistically 
significant on the 95% significance level. 
The test of statistical significance of the difference in the shortfall variances was not tested 
since in the literature such test can not be found.  
 
Standard error of the Sharpe-ratio 
The statistical tests of the pairwise test of the equality of the Sharpe-ratio have low power, 
therefore, the findings of any significant results would be to some degree surprising269. So, 
we use the standard error of the Sharpe-ratio (SE)270 to express how much we can expect 
the sample Sharpe-ratio ( StdR /ˆ ) to deviate from the Sharpe-ratio ( StdR / ) of the 
population. This standard error is simply the estimated standard deviation of the Sharpe-
ratio.  
                                                 
268 Kleeberg (1995), p.115-116 
269 e.g. Jobson/Korkie (1981), p.888-908 
270 Lo (2002), p.36-56 
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As the returns of the samples are not independently and indentically distributed, we apply 
the standard error that is effective under many different sets of assumptions for the 
statistical properties of returns (such as serial correlation, conditional heteroskedasticity). 
In particular, we use a generalized method of moments (GMM) estimator, and then, the 
results of Hansen (1982) can be used to obtain the following asymptotic distribution: 
 







ggVGMM ˆˆ               (4.69) 
 
where the definitions of 
θ∂
∂g  and Σ  and a method for estimating them are given in the 
appendix D (D.4-D.9). Then, for non-IID returns, the standard error of the Sharpe- ratio 
can be estimated by: 
TVSE GMM /ˆ≈ .                                (4.70) 
The standard error of the Sharpe-ratio can be interpreted in the following way: for 
example, the 95% confidence interval for the Sharpe- ratio of the population ( StdR / ) 
around the estimator ( StdR /ˆ ) is >⋅+⋅−< SEStdRSEStdR 96,1/ˆ;96,1/ˆ . 
The standard errors of the R/SV- ratio were not computed since in the literature such test 
can not be found.  
 
4.6.5.2.3 Results of the realized performance 
 
The results of the realized performance which are computed with the formulae 4.58-4.63 
and the results of the test of statistical significance and standard errors computed with the 







Tangentialportfolio Sharpe-ratio Improvement St. error of 
Sharpe-ratio 
R/SV-ratio Improvement
EM(10)          
Variance optimized 0,0919 100 0,1490 0,1312 100 
Short. variance optimized 0,1589 173 0,1403 0,2542 194 
Difference (abs.) 0,0669   0,1230   
EM(17)        
Variance optimized -0,0063 -100 0,1075 -0,0082 -100 
Short. variance optimized 0,0564 898 0,1012 0,0763 930 
Difference (abs.) 0,0627   0,0845   
EM(10)+G7        
Variance optimized 0,0323 100 0,1290 0,0414 100 
Short. variance optimized 0,1746 540 0,1201 0,2719 657 
Difference (abs.) 0,1422   0,2305   
G7        
Variance optimized 0,0394 100 0,1277 0,0525 100 
Short. variance optimized 0,0434 110 0,1221 0,0581 111 
Difference (abs.) 0,0040   0,0056   
EM(10)+DAX        
Variance optimized 0,1057 100 0,1351 0,1496 100 
Short. variance optimized 0,1906 180 0,1242 0,3175 212 
Difference (abs.) 0,0849    0,1679   
 






Table 4.16: Decomposition of the average realized performance 
 
4.6.5.3   Analysis of the realized performance  
 
4.6.5.3.1  Analysis of the realized performance ratios 
 
The (µ, LPM2,τ)- portfolio model achieves higher Sharpe- and R/SV-ratio than the (µ, σ)- 




































EM(10)                 
Variance 
optimized 
0,5505 6,6057 100 5,9876 100 4,1962 100    
Short. variance 
optimized 
1,1891 14,2698 216 7,4850 125 4,6787 111 1,8758 4,65 
Difference 
(abs.) 
0,6387 7,6641  1,4974  0,4825     
EM(17)            
Variance 
optimized 
-0,0326 -0,3915 100 5,1969 100 3,9904 100    
Short. variance 
optimized 
0,3067 3,6806 940 5,4386 105 4,0202 101 1,3061 0,82 
Difference 
(abs.) 
0,3393 4,0721  0,2417  0,0298     
EM(10)+G7            
Variance 
optimized 
0,1283 1,5390 100 3,9669 100 3,0974 100    
Short. variance 
optimized 
1,1101 13,3213 866 6,3597 160 4,0827 132 1,7747 5,5 
Difference 
(abs.) 
0,9819 11,7823  2,3929  0,9852     
G7            
Variance 
optimized 
0,1851 2,2207 100 4,6985 100 3,5233 100    
Short. variance 
optimized 
0,2112 2,5349 114 4,8725 104 3,6365 103 0,1665 0,89 
Difference 
(abs.) 
0,0262 0,3142  0,1740  0,1132     
EM(10)+DAX            
Variance 
optimized 
0,5761 6,9128 100 5,4490 100 3,8508 100    
Short. variance 
optimized 
1,3465 16,1578 234 7,0642 130 4,2405 110 2,1201 4,96 
Difference 
(abs.) 
0,7704 9,2450   1,6152   0,3896      
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The Sharpe-ratios of the shortfall variance-based portfolios are about 1,1-8,9 times, the 
R/SV-ratios about 1,1-9,3 times higher than these of the variance-based portfolios.  
According to the Sharpe-ratio, the best performed portfolio type with 0,19 % of return p.m. 
on one percent of monthly standard deviation is the emerging market with DAX optimized 
with the shortfall variance, the second best performance with the Sharpe-ratio of 0,17% 
achieves the global market optimized with the shortfall variance. The worst performed 
portfolio type is the emerging market (17) based on the variance with –0,0063% of return 
p.m. on one percent of monthly standard deviation. The same ranking we obtain with the 
R/SV-ratio.  
As you can see in the figures 4.42 and 4.43, the highest difference in the Sharpe- and R/SV-
ratio (8,9 times and 9,3 times, respectively) achieves the emerging market (17), but the 
average return difference is not statistically significant. The second highest difference in 
the performance, about 5,4 and 6,6 times, respectively, shows the global market. Then 
follows the emerging market with DAX which differes about 1,8 and 2,1 times, 
respectively. At least discerns mature markets with about 1,1 times for both ratios .  
The standard errors of the Sharpe-ratios which express the estimated standard deviation of 
the computed Sharpe-ratios fluctuate between 10,1%-14,9%. The standard errors of the 
Sharpe-ratios of the (µ, LPM2,τ)- portfolios are very similar to the standard errors of the (µ, 
σ)- portfolios.  Their relatively high values are caused above all by the small sample. The 
increase of the sample size by 100% would decreases the standard error by about 50%. The 
standard errors signalize that the potential deviation of the Sharpe-ratios of the population 
from the computed realized Sharpe-ratios of this empirical sample are not negligible. We 
note that these standard errors do not express the statistical significance of the differences 
of the Sharpe-ratios of the (µ, LPM2,τ)- and (µ, σ)- portfolio model, but only estimated 







Figure 4.42: Comparison of the Sharpe-ratio of the variance- and shortfall variance-
optimized portfolios  
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4.6.5.3.2  Analysis of the realized returns and risks 
 
The additional information are provided by separate comparison of the average return and 
risk (table 4.16). The realized average return of the shortfall variance-based portfolio is on 
the emerging market (17) about 9,4 times higher, on the global market about 8,66 times 
higher and on the emerging market (10) about 2,6 times higher than the average return of 
the variance-based portfolio. At least differs the average return on the mature market. 
Measured in absolute terms, the average return difference fluctuates from 0,31 % to 12,5% 
p.a. 
The differences between the realized average returns of the (µ, σ)- and (µ, LPM2,τ)- optimal 
portfolios is statistically significant on the emerging market (10), global and emerging 
market with DAX, so the hypothesis H0,1 is refuted and HAlt,1 confirmed for them. The 
difference is not statistically significant on the emerging (17) and mature market, so the 
hypothesis H0,1 is confirmed and HAlt,1 refuted for them. 
The highest return of 1,35 % p.m. achieves the emerging market with DAX, then the 
emerging market (10) with 1,19 % p.m., followed by the global market with 1,11 % p.m. 
all optimized with shortfall variance. The worst was the variance-optimized emerging 
market (17) with average return of –0,033 % p.m.. Any shortfall variance-based portfolio 
falls below the target return of 0 %. 
The risk analysis reveals significantly lower relative and absolute differences in the risk 
measures than in the average returns. The standard deviation of the shortfall variance-
based portfolio on the global market is 1,6 times higher, on the emerging market with 
DAX 1,3 times higher, on the emerging market (10) 1,25 times higher and on the mature 
market only 1,04 times higher than the standard deviation of the mean-variance portfolio 
model. The absolute difference lies between 0,17% and 2,4% p.m.. 
The lowest standard deviation of 4% p.m. exhibits the global market optimized with the 
variance, the highest of 7,5% p.m. the emerging market (10) optimized with the shortfall 
variance.  
The relative differences in the shortfall standard deviations are even lower than in the 
standard deviations: the increase in the shortfall standard deviation by the portfolios 
optimized with the shortfall variance fluctuates between 1,007 and 1,31 times. The highest 
absolute difference of only 0,98% p.m. occures on the global, the lowest of only 0,02% 
p.m. on the emerging market (17). 
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The lowest shortfall standard deviation of 3,1% p.m. exhibits the global market optimized 
with the variance, the highest of 4,7 % p.m. the emerging market (10) optimized with the 
shortfall variance.  
The differences between the realized variance of the (µ, σ)- and (µ, LPM2,τ)- optimal 
portfolios is statistically significant on the emerging market (10), global and emerging 
market with DAX, so the hypothesis H0,2 is refuted and HAlt,2 confirmed for them. The 
difference is not statistically significant on the emerging (17) and mature market, so the 
hypothesis H02 is confirmed and HA2 refuted for them. 
The figure 4.44 depicts relative differences in the average returns and shortfall standard 
deviations between both portfolio models for all portfolio types. If the average return is 
improved by the shortfall variance-based optimization, the portfolio lies above zero on the 
y-axis. If the shortfall standard deviation increases by the shortfall variance-based 
optimization, the portfolio lies above zero on the x-axis. If the increases in the average 
return equals the increase in the shortfall standard deviation, the portfolio lies on the 
broken line. If the portfolio lies above (below) the broken line, the performance is 
improved (decreased) by the shortfall variance-based optimization. The following figure 
4.45 can be interpreted in the same way, but the shortfall standard deviation is replaced by 



































Figure 4.44: Comparison of the realized performance with risk measured as the shortfall 

































Figure 4.45: Comparison of the realized performance risk measured as the standard 
deviation  
 
4.6.5.4 Confirmation (or refutation) of the hypothesis   
 
As the shortfall variance-based portfolio model achieves statistically significant higher 
average returns and higher Sharpe- and R/SV-ratios by only slightly higher risk measure 
than the variance-based portfolio model on all markets. On the emerging market (10), 
emerging market with DAX and global market the differences in the average realized 
returns and variance are statistically significant. So, the hypothesis B can be confirmed for 
them. On the mature and emerging market (17) the results are not statistically significant.  
The relatively high values of the standard errors of the Sharpe- ratios, caused above all by 
the small sample size, signalize that the Sharpe-ratios of the population may deviate from 
the computed realized Sharpe-ratios of this empirical sample. The extent of these 
deviations is almost the same for the (µ, σ)- and (µ, LPM2,τ)- portfolios. 
Also the hypothesis C is confirmed since the differences in performance are higher on the 





4.6.5.5  Influences on the differences in the realized performance 
 
The performance differences can be clarified with help of the portfolio compositions. As 
an example we take the portfolio type of the global market (EM10+G7), because the 
highest performance differences occur on it.  
The table 4.11 shows the composition of this portfolio type optimized with the (µ, σ)- and 
(µ,LPM2,τ)- model. We can observe very different portfolio weights. For instance, the 
(µ,LPM2,τ)- portfolio contains 16,09% of the index of Turkey but the (µ, σ)- portfolio only 
0,41%. In the contrary, the weight of the index of Great Britain is 47% in the (µ, σ)- 
portfolio but only 4,6% in the (µ,LPM2,τ)- portfolio.  
The cause of these different weights illucidates the figure below which shows the monthly 
returns of the index of Turkey and Great Britain. The index of Turkey is characterized by 
high returns, high volatility and high positive skewness, whereas the index of Great Britain 
by low returns, low volatility and high negative skewness. In the traditional variance-based 
optimization the volatility per se is negatively assessed. So, due to high volatility, the index 
of Turkey has relatively low weight in the variance-based optimization. Nevertheless, the 
shortfall variance-based optimization differentiates between the volatility below and above 
the target return. Only the undesirable volatility below the target is penalized. Such 
volatility is low on the market of Turkey as it exhibits positively skewed return distribution 
(table 4.5). In other words, extrem return outliers, which essentially contribute to high 
volatility, prevail in the area of positive returns. As the shortfall variance-based 
optimization does not penalize these outliers, the index of Turkey obtains high proportion 
in the portfolio. Thus, high average return of this market can improve the portfolio average 
return. However, the weights of the indexes fluctuate in dependance of return development 
(figure 4.30-31): e.g. the index of Turkey in the shortfall variance-based portfolios 
decrease significantly after the 60th and 61th month when extrem return shortfall occurs (in 
the figure 4.46 the 14th, 15th optimization). Only in this periods shortfall variance-based 
optimization prefers the index of Great Britain with much lower return shortfall. After this 
shortfall the weight of the index of Turkey increases again because of extrem return gains 






Figure 4.46: Return time series of the indices of Turkey and Great Britain271 
 
 
Generally, the minimization of the positive return deviations and the disconsideration of 
higher moments of return distributions in the (µ, σ)- model leads to inferior results in 
relation to the (µ, LPM2,τ)- model.  
 
4.6.6  Simulation 
 
The test of the realized performance with historical return time series in the previous 
section clarifies what did happen but not what could have happened. One of the tools 
helping us to find an answer to the second question is the simulation. Taking the 
parameters of return distributions, we generate return time series they could have 
happened, and then test the realised performance of both models. In this way, we have to 
confirm or refutate the hypothesis  B, C from the section 4.6.5.1. 
The simulation should put more light into the causes of the superior realized performance 
of the (µ,LPM2,τ)- portfolio model. The previous test with historical returns clarifies that 
                                                 





















better realized performance of the (µ,LPM2,τ)- optimization is affected by the inclusion of 
assets with high upside return potential into portfolio and by the consideration of skewness 
of return distributions. The simulation enable us to examine the affect of skewness on the 
realized performance and portfolio composition. We also show that the superior 
performance of the (µ, LPM2,τ)- model is affected by the signalization of simultanous asset 
decline by the co-shortfall risk in the situations where the covariance indicates high 
portfolio protection (risk diversification). 
The process of the simulation consists of five steps: 
1. Definition of the asset universe and portfolio types. 
2. Estimation of the parameters of return distributions for all assets as an input in the 
generation of random returns. 
3. Generation of random returns.  
4.  Optimization with the (µ, σ)- and (µ, LPM2,τ)- portfolio model for given expected    
 returns 
- Estimation of the input parameters  
- The (µ, σ)- and (µ, LPM2,τ)- optimization  
5. Computation of the realized performance and of its standard error 
6.  Analysis of realized simulated performance  
7.   Influences on the differences in realized simulated performance 
8. Conclusion of the simulation 
 
4.6.6.1 Definition of the asset universe and portfolio types 
 
The asset universe remains the same as in the previous test (4.6.3). Due to long 
computational time, we examine only three portfolio types: ten largest emerging markets, 
global and mature capital market.  
To examine separate influence of skewness on the (µ, σ)- and (µ, LPM2,τ)- optimal 
portfolios, we define portfolio type where the skewness is changed by the generation of 
random numbers but other parameters of the return distributions remain the same. 
Concretely, in the optimization of the global market we replace all positive (negative) 
skewnesses for negative (positive) ones but their absolute values remain the same.   
To examine the effect of return dependance on the realized performance directly, we define 
portfolio type on the all market with the same correlation of zero for all assets. So, 
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according to the covariance, portfolios should be highly diversified, i.e. protected. The 
other parameters of distributions used by return generation remain the same.  
 
4.6.6.2 Estimation of the parameters of return distributions for all assets as an input 
for the generation of random returns. 
 
The parameters of return probability distributions of individual assets - mean, variance, 
correlation and skewness - are estimated from historical returns of the entire period from 
1993 to 2002 (section 4.6.3.1).  
Usually, probability distribution characterized by the first two moments, mean and 
variance, is used for the generation of random numbers. However, the empirical findings in 
historical returns revealed statisticaly significant skewness which also has to be considered.  
For the optimization on the global market with changed skewness we change all positive 
(negative) skewnesses for negative (positive) but their absolute values remain the same. 
The other parameters - mean, variance, correlation – are unchanged. 
With the exception of the correlations of zero, the other parameters of distributions for the 
optimization on the global market with equal correlation of zero remain unchanged.  
 
4.6.6.3  Generation of random returns 
 
We utilize multivariate asymmetric gaussian probability distributions characterised by 
mean, variance, correlation and skewness estimated in the previous step. From such 
distributions 1 000 000 random returns for each asset are generated with help of the 
software application written in C++ which was developed by the Electrotechnical Chair of 
the Technical University Chemnitz272.  
 
4.6.6.4  Optimization with the (µ, σ)- and (µ, LPM2,τ)- portfolio model for given   
expected  returns 
 
Estimation of the input parameters 
The input parameters µ, LPM, C for the optimization are estimated from 1 000 000 
generated returns. For one run of the optimization 100 generated returns – the same for 
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both portfolio models – are taken. For each run the next 100 generated returns are taken to 
compute new input parameters. So, the input parameters for the first optimization are 
estimated from the first 100 month-returns (r1 : r100) of the entire examined period (r1 : 
r10000). For the next optimization this estimation period of 100 months is shifted 100 
months forwards (r100 : r200). We repeat it 10 000-times, and finally obtain 10 000 
estimated input parameters.  
 
The (µ, σ)- and (µ, LPM2,τ)- optimization  
Having 10 000 estimated input parameters, we run the optimization 10 000 times for each 
portfolio type (with exception of the portfolio type with zero correlations with 5 000 runs), 
for both portfolio models and each given level of the portfolio expected return. In the 
simulation we do not compute tangential portfolios as in the previous part 4.6.4.3  but the 
efficient portfolios for the predetermined level of the expected portfolio return. So, the 
optimal portfolio fractions are computed by the minimization of the risk, i.e. standard 
deviation or shortfall standard deviation, for a given level of the expected portfolio 
return273. So, we apply the absolute return strategy of portfolio optimization. The 
advantage of this strategy is direct comparability of both portfolio models, as the 
predetermined expected returns are the same for both models and only different portfolio 
risk measures are minimized. In the other case - by the maximization of the expected return 
for a given level of portfolio risk - a question would have to be solved which values of 
variance and shortfall variance are comparable.  
Then, such (µ, LPM2,τ)- optimization problem for finding the optimal portfolio x is 
formulated as:   
 
Min xLPMxLPM T2p ⋅⋅=             (4.71) 
s. t.: p
T µxµ =⋅   
1=x    
)n,...,1i(xfor,0x1 ii ∈∀≥≥   
 
The (µ, σ)- optimization problem to find the optimal portfolio x is formulated: 
 
                                                 




 Min  xCxσ T2p ⋅⋅=  (4.72) 
 s.t.: p
T µxµ =⋅  
  1=x    
  )n,...,1i(xfor,0x1 ii ∈∀≥≥  
 
 with nx ℜ∈ :  vector of portfolio weights  
   x = (x1,…,xn)T 
  nxnC ℜ∈ : matrix of covariances  





















  nµ ℜ∈ :  vector of expected returns  
   ( )Tn1 µ,...,µµ =  
µi computed as in the formulae 4.8 
  nxnLPM ℜ∈  matrix of shortfall risk 





















   LPMij computed as in the formulae 4.13 or 4.12 by a=2 
 
For the portfolio type emerging market (10) we predetermine four levels of the expected 
portfolio return: 1,25%, 1,5%, 1,7% and 2% p.m.. As on the mature market the expected 
returns of indices are lower, we have to set lower levels for the portfolio expected returns: 
0.61% , 0,64% and 0,67% p.m.. On the global market we set the levels of the expected 
portfolio return as 1,00%, 1,25%, 1,5% and 1,7% p.m.. The same levels of the expected 
portfolio returns (1,00%, 1,25%, 1,5% and 1,7% p.m) are given for the global market with 
changed skewness. The levels of the expected portfolio returns for the portfolios with equal 




For the simulation the mathematic software MATLAB is utilized. For the optimization 
MATLAB optimization toolbox with the function QUADPROG which solve quadratic 
programming problems274 such as  4.71, 4.71 is applied. 
 
4.6.6.5  Realized performance of the (µ, σ)- and (µ, LPM2,τ)- portfolio model  
 
4.6.6.5.1 Computation of the realized performance 
 
In the section 4 we have computed 10 000 optimal portfolios per model, each portfolio 
type and each given level of the portfolio expected return. Now, we compute 10 000 
realized return per model and per each portfolio type and each given level of the portfolio 
expected return. We assume that each optimal portfolios is held one period, i.e. one month. 
So, the tth realized return tr̂ is computed a product of the asset weights of the tth tangential 
portfolio xt and asset returns in the first month rt+1 following the estimation period from 
rt-100+1 to rt: 
 
1ˆ +×= ttt rxr                 (4.73) 
 
We compute the average realized portfolio return, realized standard deviations, as well as 
the realized shortfall standard deviations with the formulae 4.59, 4.60, 4.61, respectively, 
for all tested markets, all given levels of the portfolio expected return and both portfolio 
models.  
The integrated performance is computed with the Sharpe- ( StdR /ˆ ) and R/SV- ratio 
( /SVR̂ ) with the formulae 4.62, 4.63, respectively. 
The portfolio skewness provides us with the additional information about the realized 















=φ                    (4.74) 
 
 




4.6.6.5.2 Standard error of the results 
 
The standard error of Sharpe-ratio 
The standard error of Sharpe-ratio we compute with the formulae 4.68-4.70. 
 
Standard error of mean 
As we minimize the risk for given expected portfolio return, the information about the 
accurance of this expected return (mean) are necessary.  
With the standard error of mean we obtain a standard deviation of sample means which 






=µ                 (4.75) 
 
It can be interpreted in a manner similar to the standard deviation of raw scores. For 
example, the 95% confidence interval for population mean µ around the estimator r̂ is 
>⋅+⋅−< µµ SErSEr 96,1ˆ;96,1ˆ . 
We note again that these standard errors do not express the statistical significance of the 
differences of the Sharpe-ratios of the (µ, LPM2,τ)- and (µ, σ)- portfolio model, but only 
estimated standard deviations of them.  
 
4.6.6.6  Analysis of realized simulated performance  
 
By all portfolio types we can state that the performance, measured by both ratios, increases 
with the (µ, LPM2,τ)- optimal portfolios (see tables 4.17-4.23). The improvement of the 
Sharpe-ratio is caused mostly by the increase of the average return, whereas the standard 
deviations of the (µ, LPM2,τ)- optimal portfolios are slightly higher than these of the (µ, σ)- 
optimal portfolios. To the increase of the R/SV- ratio contributes both – improvement of 
the average returns and shortfall standard deviations. The highest relative performance 
improvement is achieved on the global market: measured with the Sharpe-ratio by about 
9% and with the R/SV-ratio by about 14%275. The lowest improvement appears by the 
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portfolio type of G7-countries: measured with the Sharpe-ratio by 0,12% and with the 
R/SV-ratio by 0,26%.  
From all portfolio types the best performance - Sharpe-ratio of 0,2651% and R/SV-ratio of 
0,5127% - achieves the (µ, LPM2,τ)- portfolio of the emerging market (10) computed for 
the expected return level of 2% p.m.. The worst performed portfolio with the Sharpe-ratio 
of 0,1174% and R/SV-ratio of 0,1797% is the (µ,σ)- optimized portfolio of the G7-
countries for the expected return level of 0,61% p.m.. 
Assuming any linear return dependence measured by the covariance (zero correlation), the 
differences in the performance significantly increase on the mature and moderately 
increase on the emerging and global market in comparison with the performance 
distinctions in portfolios with real covariances (tables 4.21-4.23).  
The performance of global portfolio type with changed skewness gives the table 4.20. We 
can state higher performance improvement than by the portfolios with original skewness. 
Actually, the matter of interest by these portfolios is their changed composition in favor of 
positively skewed assets by the (µ, LPM2,τ)- optimized portfolios which is analysed in the 
next section. 
The standard errors of the Sharpe-ratios of the simulated performance (tables 4.24 - 4.30) 
is substantially lower than the standard errors of the Sharpe-ratios of the historical 
performance (table 4.15). This means that the realized Sharpe-ratios in the tables 4.17- 
4.23 is of high accurance (within the 99% confidence interval 
>⋅+⋅−< SEStdRSEStdR 58,2/ˆ;58,2/ˆ ). 
The standard errors of means of the simulated performance (tables 4.24 - 4.30) signalize 
that the realized average returns fall inside the 99% confidence interval about the 
predetermined levels of the expected returns >⋅+⋅−< µµ SErSEr 58,2ˆ;58,2ˆ . Their low 


































1,25 (µ,σ) 1,2660 5,7796 3,4183 0,2190 100 0,3703 100 -0,4155 
  (µ,LPM) 1,3471 5,8247 3,2077 0,2313 105,5834 0,4199 113,3917 0,3842 
            
1,50 (µ,σ) 1,4379 6,0007 3,3508 0,2396 100 0,4291 100 0,2933 
  (µ,LPM) 1,5170 6,1134 3,3514 0,2481 103,5544 0,4526 105,4777 0,4152 
            
1,70 (µ,σ) 1,6826 6,8757 3,8560 0,2447 100 0,4364 100 0,1762 
  (µ,LPM) 1,7871 6,9330 3,6556 0,2578 105,3298 0,4889 112,0284 0,6193 
            
2,00 (µ,σ) 1,9577 7,6575 4,0701 0,2557 100 0,4810 100 0,7053 
  (µ,LPM) 2,0635 7,7839 4,0249 0,2651 103,6951 0,5127 106,5893 0,7533 
 


























1,00 (µ,σ) 1,0094 4,7822 2,8053 0,2111 100 0,3598 100 0,1070 
  (µ,LPM) 1,1326 4,9514 2,7893 0,2287 108,3637 0,4060 112,8422 0,2357 
            
1,25 (µ,σ) 1,1829 5,3470 3,0144 0,2212 100 0,3924 100 0,5774 
  (µ,LPM) 1,3354 5,5272 2,9869 0,2416 109,2168 0,4471 113,9361 0,6633 
            
1,50 (µ,σ) 1,3195 5,8337 3,2417 0,2262 100 0,4071 100 0,8691 
  (µ,LPM) 1,4875 6,0173 3,2074 0,2472 109,2857 0,4638 113,9290 0,9173 
            
1,70 (µ,σ) 1,5353 6,7457 3,6646 0,2276 100 0,4190 100 1,3213 
  (µ,LPM) 1,7297 6,9367 3,6185 0,2494 109,5607 0,4780 114,0974 1,3220 
 
































0,61 (µ,σ) 0,6106 5,2006 3,3983 11,7401 100 0,1797 100 0,1108 
 (µ,LPM) 0,6134 5,2183 3,4050 11,7547 100,1243 0,1801 100,2652 0,1195 
           
0,64 (µ,σ) 0,6388 5,3320 3,4604 11,9807 100 0,1846 100 0,1777 
 (µ,LPM) 0,6474 5,3495 3,4652 12,1012 101,0056 0,1868 101,1955 0,1842 
           
0,67 (µ,σ) 0,6741 5,4848 3,5430 12,2897 100 0,1903 100 0,2348 
  (µ,LPM) 0,6777 5,5036 3,5448 12,3132 100,1906 0,1912 100,4806 0,2390 
 

























1,00 (µ,σ) 1,0094 4,7822 2,8053 0,2111 100 0,3598 100 0,1070 
  (µ,LPMτ) 1,1326 4,9514 2,7893 0,2287 108,3637 0,4060 112,8422 0,2357 
            
1,25 (µ,σ) 1,1829 5,3470 3,0144 0,2212 100 0,3924 100 0,5774 
  (µ,LPM) 1,3354 5,5272 2,9869 0,2416 109,2168 0,4471 113,9361 0,6633 
            
1,50 (µ,σ) 1,3195 5,8337 3,2417 0,2262 100 0,4071 100 0,8691 
  (µ,LPM) 1,4875 6,0173 3,2074 0,2472 109,2857 0,4638 113,9290 0,9173 
            
1,70 (µ,σ) 1,5353 6,7457 3,6646 0,2276 100 0,4190 100 1,3213 
  (µ,LPM) 1,7297 6,9367 3,6185 0,2494 109,5607 0,4780 114,0974 1,3220 
 


































1,25 (µ,σ) 1,2557 4,1110 2,2859 0,3055 100  0,5493 100  0,1655 
  (µ,LPM) 1,2897 4,2375 2,4405 0,3043 106,7637 0,5285 96,1985 0,3342 
                   
1,50 (µ,σ) 1,5173 4,6173 2,8131 0,3286 100  0,5394 100  0,1433 
  (µ,LPM) 1,6733 4,5386 2,1898 0,3687 112,1977 0,7642 141,6792 0,2652 
                   
1,70 (µ,σ) 1,8474 5,5821 3,0232 0,3309 100  0,6111 100  0,0262 
  (µ,LPM) 1,9948 5,5960 2,7423 0,3565 107,7115 0,7274 119,0406 0,4693 
                   
2,00 (µ,σ) 2,2400 6,8284 3,3581 0,3280 100  0,6670 100  0,5553 
  (µ,LPM) 2,3826 7,0753 3,2417 0,3367 102,6536 0,7350 110,1845 0,6033 
 

























1,00 (µ,σ) 1,1228 3,7608 1,9358 0,2985 100  0,5800 100  -0,0930 
  (µ,LPM) 1,1286 3,4934 1,8457 0,3230 108,2073 0,6115 105,4237 0,0357 
                    
1,25 (µ,σ) 1,3110 4,5174 2,6663 0,2902 100  0,4917   0,3774 
  (µ,LPM) 1,4352 4,2700 2,4506 0,3361 115,8128 0,5856 119,1061 0,4633 
                    
1,50 (µ,σ) 1,6272 5,0068 2,8130 0,3250 100  0,5784 100  0,6691 
  (µ,LPM) 1,7882 5,0196 2,7310 0,3562 109,6167 0,6548 113,1962 0,7173 
                    
1,70 (µ,σ) 2,0263 6,7265 3,4407 0,3012 100  0,5889 100 0,5100 
  (µ,LPM) 2,2194 6,6451 3,2154 0,3340 110,8742 0,6902 117,2079 0,6200 
 































0,61 (µ,σ) 0,5503 4,4223 3,3759 0,1244 100 0,1630 100 0,0108 
  (µ,LPM) 0,6238 3,8726 2,5299 0,1611 129,4558 0,2466 151,2747 0,0195 
                   
0,64 (µ,σ) 0,6346 4,1594 3,0025 0,1526 100  0,2114 100 0,0777 
  (µ,LPM) 0,6510 3,8953 2,6278 0,1671 109,5407 0,2477 117,2114 0,0842 
                   
0,67 (µ,σ) 0,6865 4,2765 2,9257 0,1605 100  0,2346 100  0,1348 
  (µ,LPM) 0,6865 3,7588 2,5912 0,1826 113,7740 0,2649 112,9092 0,1390 
 






St. error of 
mean (%) 
St. error of 
Sharpe-
ratio (%) 
1,25 (µ,σ) 0,0411 1 
  (µ,LPM) 0,0475 1,1 
1,5 (µ,σ) 0,0461 0,95 
  (µ,LPM) 0,0453 0,94 
1,7 (µ,σ) 0,0558 1 
  (µ,LPM) 0,0559 1,1 
2 (µ,σ) 0,0682 1,2 
  (µ,LPM) 0,0753 1,2 
 





St. error of 
mean (%) 
St. error of 
Sharpe-ratio 
(%) 
1 (µ,σ) 0,0376 0,89 
  (µ,LPM) 0,0349 0,88 
1,25 (µ,σ) 0,0452 0,97 
  (µ,LPM) 0,0427 0,96 
1,5 (µ,σ) 0,0501 0,98 
  (µ,LPM) 0,0502 0,97 
1,7 (µ,σ) 0,0673 0,99 
  (µ,LPM) 0,0665 0,99 
 









St. error of 
mean (%) 
St. error of 
Sharpe-
ratio (%) 
0,61 (µ,σ) 0,0442 0,77 
  (µ,LPM) 0,0387 0,76 
0,64 (µ,σ) 0,0416 0,71 
  (µ,LPM) 0,0390 0,6 
0,67 (µ,σ) 0,0428 0,65 
  (µ,LPM) 0,0376 0,68 
 






St. error of 
mean (%) 
St. error of 
Sharpe-
ratio (%) 
1 (µ,σ) 0,0478 0,89 
  (µ,LPM) 0,0495 0,88 
1,25 (µ,σ) 0,0535 0,97 
  (µ,LPM) 0,0553 0,96 
1,5 (µ,σ) 0,0583 0,98 
  (µ,LPM) 0,0602 0,97 
1,7 (µ,σ) 0,0675 0,99 
  (µ,LPM) 0,0694 0,99 
 







St. error of 
mean (%) 
St. error of 
Sharpe-ratio 
(%) 
1,25 (µ,σ) 0,0581 1,14 
  (µ,LPM) 0,0599 1,21 
1,5 (µ,σ) 0,0653 1,21 
  (µ,LPM) 0,0642 1,13 
1,7 (µ,σ) 0,0789 1,35 
  (µ,LPM) 0,0791 1,31 
2 (µ,σ) 0,0966 1,29 
  (µ,LPM) 0,1001 1,27 
 
Table 4.28: Standard error of the realized performance on the emerging market, zero 








St. error of 
mean (%) 
St. error of 
Sharpe-
ratio (%) 
1 (µ,σ) 0,0478 0,92 
  (µ,LPM) 0,0495 0,91 
1,25 (µ,σ) 0,0535 0,93 
  (µ,LPM) 0,0553 0,93 
1,5 (µ,σ) 0,0583 0,98 
  (µ,LPM) 0,0602 0,96 
1,7 (µ,σ) 0,0675 0,98 
  (µ,LPM) 0,0694 0,99 
 
Table 4.29: Standard error of the realized performance on the global market, zero 






St. error of 
mean (%) 
St. error of 
Sharpe-
ratio (%) 
0,61 (µ,σ) 0,0625 0,67 
  (µ,LPM) 0,0548 0,68 
0,64 (µ,σ) 0,0588 0,71 
  (µ,LPM) 0,0551 0,60 
0,67 (µ,σ) 0,0605 0,69 
  (µ,LPM) 0,0532 0,67 
 
Table 4.30: Standard error of the realized performance on the mature market, zero 
correlation for all assets 
 
4.6.6.7  Influences on the differences in the realized simulated performance 
 
Portfolio weights illucidates the origin of the differences in the performance. The highest 
differences in the portfolio composition occur on the emerging market (10) by indices of 
Chile, China, Malaysia, Turkey and South Africa (tables 4.24-4.25). Also the portfolios 
computed directly from historical returns from 1993 to 2002 mostly differ in these assets. 
The volatility of Turkey and China is much higher than this one of Chile, Malaysia and 
South Africa. The positive skewness of these markets signalizes that their volatility occurs 
more on the side of high returns. Thus, in the (µ, LPM2,τ)- optimization where only 
downside return deviations are minimized, these indices are less penalized than in the (µ, 
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σ)- optimization where also the upside return deviations are annihilated. Hence, the (µ, 
LPM2,τ)- portfolios with larger fraction of these indices benefit from high returns on these 
markets. The (µ, LPM2,τ)- model does not prefer Chile, Malaysia and South Africa to such 
extense as the (µ,σ)- model, because their returns are low and the skewness of the first two 
is very small and of the third one is negative.  
 











Malaysia 7,03 2,91 4,13 7,05 2,87 4,19 
Mexico 1,41 3,96 -2,55 1,53 4,50 -2,97 
Korea 1,96 1,50 0,46 2,24 1,73 0,51 
Taiwan  4,37 3,34 1,03 4,41 3,36 1,04 
Brasil 4,24 4,38 -0,14 5,45 5,82 -0,37 
Chile 22,30 32,01 -9,71 17,79 27,57 -9,78 
China 27,13 22,27 4,86 27,22 21,97 5,25 
Turkey 10,40 6,68 3,71 12,58 8,44 4,14 
Greece 6,99 6,07 0,92 7,19 6,37 0,82 
South Africa 14,17 16,88 -2,72 14,54 17,38 -2,83 
 
Table 4.31: Average portfolio composition on the emerging market for the return level of 
1,25% and 1,5% p.m. 
 











Malaysia 6,99 2,85 4,13 6,67 2,82 3,85 
Mexico 1,75 5,32 -3,57 1,86 5,81 -3,95 
Korea 2,61 2,06 0,55 2,94 2,37 0,57 
Taiwan  4,41 3,45 0,97 4,32 3,50 0,83 
Brasil 7,35 8,12 -0,77 9,39 10,66 -1,27 
Chile 11,68 21,07 -9,39 6,84 15,42 -8,58 
China 27,12 21,39 5,73 26,46 20,42 6,04 
Turkey 16,05 11,31 4,73 19,70 14,47 5,24 
Greece 7,31 6,73 0,57 7,29 7,02 0,28 
South Africa 14,74 17,69 -2,95 14,52 17,52 -3,00 
 
Table 4.32: Average portfolio composition on the emerging market for the return level of 
1,7% and 2,0% p.m. 
 
On the global market the weights of the Great Britain, USA, China, Malaysia and Turkey 
are at most different (tables 4.26-4.27). Also the composition of the portfolios on global 
market computed from real historical returns mostly differ in the weights of these countries 
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(except of USA). In the (µ, σ)- optimization the indices of Great Britain and USA with low 
volatility are considered as “attractive”. In spite of low volatility, low average return of 
0,5% and 0,87% p.m. and negative skewness causes relatively high downside return 
deviations from the target return of 0%, i. e. shortfall risk, and thus these indices are less 
preferable in the (µ, LPM2,τ)- optimization.  
 











Malaysia 5,08 1,34 3,74 5,52 1,54 3,98 
Mexico 0,63 1,45 -0,82 0,87 2,09 -1,22 
Korea 0,83 0,58 0,25 1,26 0,90 0,36 
Taiwan  2,21 1,54 0,67 2,64 1,92 0,72 
Brasil 2,20 2,49 -0,29 3,29 3,89 -0,59 
Chile 15,49 17,75 -2,26 12,52 15,33 -2,81 
China 21,43 16,26 5,17 22,22 16,59 5,63 
Turkey 5,67 3,87 1,80 8,22 5,73 2,49 
Greece 3,33 1,98 1,35 3,86 2,49 1,37 
South Africa 10,81 12,41 -1,60 11,30 13,05 -1,76 
Canada 1,18 1,59 -0,42 1,33 1,85 -0,52 
France 1,66 1,88 -0,22 1,46 1,87 -0,41 
Germany 1,71 1,59 0,12 1,77 1,85 -0,09 
Italy 2,77 2,75 0,02 2,93 2,95 -0,01 
Japan 3,72 2,32 1,40 2,83 1,33 1,50 
USA 8,41 11,35 -2,94 8,46 12,00 -3,54 
Great Britain 12,87 18,84 -5,97 9,53 14,61 -5,09 
 
Table 4.33: Average portfolio composition on the global market for the return level of 



























Malaysia 5,75 1,73 4,02 5,91 1,98 3,92 
Mexico 1,07 2,62 -1,55 1,33 3,39 -2,06 
Korea 1,65 1,21 0,43 2,22 1,71 0,51 
Taiwan  2,93 2,23 0,70 3,26 2,64 0,61 
Brasil 4,31 5,18 -0,87 6,00 7,27 -1,27 
Chile 10,19 13,24 -3,05 7,10 10,24 -3,14 
China 22,61 16,71 5,90 22,72 16,48 6,23 
Turkey 10,46 7,45 3,01 14,28 10,63 3,65 
Greece 4,23 2,89 1,33 4,67 3,49 1,17 
South Africa 11,59 13,44 -1,85 11,78 13,71 -1,93 
Canada 1,40 1,98 -0,58 1,43 2,04 -0,61 
France 1,29 1,76 -0,47 0,95 1,47 -0,52 
Germany 1,76 1,97 -0,20 1,74 2,04 -0,30 
Italy 2,98 3,06 -0,08 2,95 3,09 -0,14 
Japan 2,32 0,90 1,41 1,78 0,53 1,25 
USA 8,18 11,92 -3,74 7,30 11,11 -3,81 
Great Britain 7,30 11,71 -4,42 4,59 8,16 -3,57 
 
Table 4.34: Average portfolio composition on the global market for the return level of 
1,5% and 1,7% p.m. 
 
On the mature market the differences in the composition are less significant (table 4.28). 
The highest difference occurs by the index of Italy (1,9%). However, we compare average 
weights from thousands of optimization where the differences are “averaged out”. So, it is 




Portfolio return level  
0,61% p.m. 
Portfolio return level  
0,64% p.m. 







Diff. (µ, LPM2,τ)-opt 
(µ, σ)- 
opt 




Canada 5,80 7,15 -1,35 6,25 7,68 -1,42 6,68 8,14 -1,46 
France 0,67 0,63 0,04 0,60 0,55 0,05 0,62 0,57 0,05 
German 5,30 5,10 0,20 6,09 5,92 0,17 7,02 6,86 0,16 
Italy 10,88 9,05 1,83 11,91 10,05 1,85 12,88 10,97 1,91 
Japan 11,32 10,59 0,72 9,42 8,69 0,73 7,69 6,94 0,75 
USA 32,35 32,31 0,04 34,61 34,51 0,09 36,66 36,58 0,08 
GB 33,68 35,17 -1,48 31,12 32,60 -1,48 28,45 29,94 -1,49 
 
Table 4.35: Average portfolio composition on the mature market for the return level of 
0,61%, 0,64% and 0,67% p.m. 
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The isolated influence of skewness on the asset allocation are observable by the global 
portfolios for which the skewness was changed but other parameters remained unchanged 
by the generation of random returns. Recall that by the changed skewness we replace all 
positive (negative) skewnesses for negative (positive) but their absolute values remain the 
same. Of course, the (µ, σ)- optimized portfolios on the global market remain unchanged, 
because the (µ, σ)- optimization does not reflect asymmetry of distributions. However, the 
average composition of the (µ, LPM2,τ)- optimized portfolios changes considerably in 
favour of the positively skewed assets (tables 4.29-4.30). For instance, the fraction of 
changed - negatively skewed China is 7% less than the fraction of original - positively 
skewed China. The weight of the index of Great Britain with original - negative skewness 
is 6,2% lower that its weight with changed - positive skewness. The assets with positiv 
skeweness use to have positive effect on the performance as by such assets when high 
returns occur they tend to be higher and when low returns occur they tend to be lower than 
by the negatively skewed asset returns. 
The following tables 4.31-4.32 compare the (µ, LPM2,τ)- and (µ, σ)- portfolios optimized 
with changed skewness. 











Malaysia 1,19 5,08 -3,90 1,47 5,52 -4,05
Mexico 1,44 0,63 0,81 2,02 0,87 1,15
Korea 0,88 0,83 0,05 1,32 1,26 0,06
Taiwan  1,74 2,21 -0,47 2,09 2,64 -0,54
Brasil 3,03 2,20 0,83 4,68 3,29 1,38
Chile 11,60 15,49 -3,89 9,70 12,52 -2,82
China 14,55 21,43 -6,88 15,39 22,22 -6,83
Turkey 3,99 5,67 -1,68 5,86 8,22 -2,36
Greece 2,57 3,33 -0,75 3,28 3,86 -0,58
South Africa 14,10 10,81 3,29 14,50 11,30 3,21
Canada 1,22 1,18 0,04 1,42 1,33 0,09
France 2,15 1,66 0,49 2,23 1,46 0,77
Germany 1,60 1,71 -0,12 1,87 1,77 0,11
Italy 3,75 2,77 0,98 3,99 2,93 1,06
Japan 3,60 3,72 -0,12 2,59 2,83 -0,24
USA 13,57 8,41 5,16 13,47 8,46 5,01
Great Britain 19,03 12,87 6,16 14,10 9,53 4,58
 
Table 4.36: Average composition of the (µ, LPM2,τ)- optimized portfolios with changed 
skewness in comparison with the original (µ, LPM2,τ)- optimized portfolios (return levels 
1,0% and 1,25% p.m.)  
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Malaysia 1,69 5,75 -4,05 1,99 5,91 -3,92
Mexico 2,46 1,07 1,38 3,04 1,33 1,71
Korea 1,71 1,65 0,06 2,28 2,22 0,06
Taiwan  2,35 2,93 -0,58 2,64 3,26 -0,62
Brasil 6,23 4,31 1,91 8,77 6,00 2,77
Chile 8,18 10,19 -2,01 6,10 7,10 -1,00
China 15,91 22,61 -6,70 16,33 22,72 -6,39
Turkey 7,58 10,46 -2,88 10,49 14,28 -3,79
Greece 3,82 4,23 -0,40 4,55 4,67 -0,12
South Africa 14,64 11,59 3,05 14,56 11,78 2,78
Canada 1,58 1,40 0,18 1,69 1,43 0,26
France 2,18 1,29 0,90 1,98 0,95 1,03
Germany 2,02 1,76 0,25 2,10 1,74 0,36
Italy 4,07 2,98 1,09 4,14 2,95 1,19
Japan 2,06 2,32 -0,26 1,45 1,78 -0,33
USA 12,78 8,18 4,60 11,12 7,30 3,81
Great Britain 10,74 7,30 3,45 6,78 4,59 2,19
 
Table 4.37: Average composition of the (µ, LPM2,τ)- optimized portfolios with changed 
skewness in comparison with the original (µ, LPM2,τ)- optimized portfolios (return levels 
1,5% and 1,7% p.m.)  
 











Malaysia 1,19 1,34 -0,16 1,47 1,54 -0,08 
Mexico 1,44 1,45 -0,01 2,02 2,09 -0,07 
Korea 0,88 0,58 0,30 1,32 0,90 0,42 
Taiwan  1,74 1,54 0,20 2,09 1,92 0,17 
Brasil 3,03 2,49 0,54 4,68 3,89 0,79 
Chile 11,60 17,75 -6,15 9,70 15,33 -5,63 
China 14,55 16,26 -1,71 15,39 16,59 -1,20 
Turkey 3,99 3,87 0,12 5,86 5,73 0,13 
Greece 2,57 1,98 0,60 3,28 2,49 0,79 
South Africa 14,10 12,41 1,69 14,50 13,05 1,45 
Canada 1,22 1,59 -0,38 1,42 1,85 -0,43 
France 2,15 1,88 0,27 2,23 1,87 0,36 
Germany 1,60 1,59 0,01 1,87 1,85 0,02 
Italy 3,75 2,75 1,00 3,99 2,95 1,04 
Japan 3,60 2,32 1,28 2,59 1,33 1,26 
USA 13,57 11,35 2,22 13,47 12,00 1,47 
Great Britain 19,03 18,84 0,19 14,10 14,61 -0,51 
Table 4.38: Average portfolio compositions by changed skewness on the global market for 
the return level of 1,0% and 1,25% p.m.   
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Malaysia 1,69 1,73 -0,04 1,99 1,98 0,00 
Mexico 2,46 2,62 -0,16 3,04 3,39 -0,35 
Korea 1,71 1,21 0,50 2,28 1,71 0,57 
Taiwan  2,35 2,23 0,13 2,64 2,64 -0,01 
Brasil 6,23 5,18 1,05 8,77 7,27 1,50 
Chile 8,18 13,24 -5,07 6,10 10,24 -4,14 
China 15,91 16,71 -0,80 16,33 16,48 -0,15 
Turkey 7,58 7,45 0,13 10,49 10,63 -0,14 
Greece 3,82 2,89 0,93 4,55 3,49 1,06 
South Africa 14,64 13,44 1,20 14,56 13,71 0,85 
Canada 1,58 1,98 -0,40 1,69 2,04 -0,35 
France 2,18 1,76 0,42 1,98 1,47 0,51 
Germany 2,02 1,97 0,05 2,10 2,04 0,06 
Italy 4,07 3,06 1,01 4,14 3,09 1,05 
Japan 2,06 0,90 1,16 1,45 0,53 0,92 
USA 12,78 11,92 0,86 11,12 11,11 0,01 
Great Britain 10,74 11,71 -0,97 6,78 8,16 -1,38 
 
Table 4.39: Average portfolio compositions by changed skewness on the global market for 
the return level of 1,5% and 1,7% p.m.   
 
The portfolios with the same assumed correlation of zero for all assets are substantially 
more diversified than the portfolios with the correlation estimated from historical returns as 
the real correlation is higher than zero (tables 4.33-4.53). The distinctions in the average 
compositions of the (µ, LPM2,τ)- and (µ, σ)- optimized portfolios grow in comparison with 
these of the original portfolios what corresponds with grown differences in the 
performance. At most increase the differences in the portfolio weights on the mature 
market what is also reflected in the significantly increased performance distinctions. The 
mature market which is characterised by very low returns in relation to the target and low 
correlation is similar to the cases 3, 4, 5 in the section 4.4.4.1, showing that the risk 
diversification measured by the shortfall covariance could be much higher than this 
measured by the covariance. So, the shortfall covariance tends to signalize simultanous 
return decline when the covariance indicates high portfolio protection. This affects the  
higher performance difference in favour of the (µ, LPM2,τ)- model on this market. 
Generally, better performance in comparison to the portfolios with real correlation is 















Malaysia 11,31 7,62 3,68 8,43 5,86 2,56 
Mexico 7,13 9,45 -2,32 7,71 11,37 -3,66 
Korea 8,19 5,14 3,05 10,04 4,76 5,28 
Taiwan  10,31 8,16 2,15 9,00 7,25 1,75 
Brasil 7,54 6,45 1,09 12,64 10,05 2,59 
Chile 22,61 28,94 -6,34 14,08 23,30 -9,22 
China 10,08 7,35 2,74 8,38 5,82 2,56 
Turkey 4,00 3,07 0,93 8,30 6,60 1,70 
Greece 8,83 7,58 1,25 9,70 8,01 1,69 
South Africa 10,01 16,25 -6,23 11,73 16,97 -5,24 
 
Table 4.40: Average portfolio compositions by zero correlation on the emerging market for 
the return level of 1,25% and 1,5% p.m.   
 











Malaysia 5,46 4,77 0,69 2,02 3,89 -1,87 
Mexico 8,45 12,92 -4,48 8,42 13,71 -5,29 
Korea 7,59 4,68 2,90 8,04 4,61 3,43 
Taiwan  7,42 6,65 0,77 5,85 6,06 -0,21 
Brasil 23,82 13,78 10,04 29,98 18,08 11,90 
Chile 7,81 16,58 -8,77 3,81 10,11 -6,30 
China 7,03 4,81 2,22 5,46 3,98 1,48 
Turkey 11,46 10,82 0,64 16,15 16,23 -0,09 
Greece 10,42 8,33 2,08 10,18 8,49 1,69 
South Africa 10,56 16,65 -6,09 10,10 14,85 -4,75 
 
Table 4.41: Average portfolio compositions by zero correlation on the emerging market for 























Malaysia 5,74 2,47 3,27 5,99 2,40 3,59 
Mexico 4,33 4,42 -0,09 5,42 5,91 -0,49 
Korea 5,19 1,81 3,38 5,73 2,12 3,61 
Taiwan  5,91 2,52 3,39 6,36 2,76 3,60 
Brasil 5,42 3,64 1,77 7,32 5,47 1,85 
Chile 7,03 8,28 -1,25 5,96 7,66 -1,70 
China 6,10 2,35 3,75 6,39 2,29 4,10 
Turkey 5,46 2,78 2,69 8,10 4,71 3,39 
Greece 6,19 2,87 3,33 7,06 3,41 3,66 
South Africa 4,97 6,10 -1,14 5,64 7,16 -1,51 
Canada 5,69 8,19 -2,50 5,00 7,44 -2,45 
France 6,47 8,34 -1,86 5,59 7,76 -2,17 
Germany 5,66 8,57 -2,92 5,97 9,55 -3,58 
Italy 7,56 5,05 2,51 7,41 5,00 2,41 
Japan 5,06 2,56 2,49 3,20 0,99 2,21 
USA 6,76 14,58 -7,82 5,35 13,86 -8,51 
Great Britain 6,46 15,48 -9,01 3,50 11,52 -8,02 
 
Table 4.42: Average portfolio compositions by zero correlation on the global market for 
the return level of 1,0% and 1,25% p.m.   
 











Malaysia 5,99 2,58 3,41 5,67 2,71 2,96 
Mexico 6,57 7,73 -1,16 7,73 9,52 -1,78 
Korea 6,06 2,62 3,44 6,38 3,17 3,21 
Taiwan  6,59 2,96 3,62 6,48 3,10 3,38 
Brasil 9,60 7,91 1,69 12,83 11,75 1,08 
Chile 4,75 6,58 -1,83 3,35 4,99 -1,64 
China 6,21 2,40 3,81 5,80 2,27 3,52 
Turkey 11,48 7,70 3,78 15,51 11,66 3,85 
Greece 7,85 4,12 3,72 8,22 4,79 3,43 
South Africa 6,28 8,26 -1,98 6,39 8,37 -1,99 
Canada 4,16 6,21 -2,05 2,39 3,69 -1,30 
France 4,36 6,53 -2,16 2,98 4,94 -1,96 
Germany 6,00 10,09 -4,09 5,95 10,24 -4,29 
Italy 6,94 5,00 1,94 6,16 4,85 1,31 
Japan 1,71 0,38 1,34 0,73 0,25 0,48 
USA 3,95 11,91 -7,96 2,83 9,74 -6,90 
Great Britain 1,49 7,02 -5,53 0,61 3,95 -3,34 
 
Table 4.43: Average portfolio compositions by zero correlation on the global market for 




Portfolio return level  
0,61% p.m. 
Portfolio return level  
0,64% p.m. 
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Canada 11,72 12,87 -1,15 11,86 13,05 -1,19 11,98 13,16 -1,18
France 12,71 12,32 0,39 13,62 13,20 0,42 14,62 14,19 0,43 
German 10,17 10,01 0,16 11,50 11,25 0,25 12,98 12,70 0,29 
Italy 11,39 7,49 3,90 12,41 8,15 4,26 13,52 9,07 4,45 
Japan 13,17 12,16 1,00 9,68 8,53 1,15 6,65 5,47 1,19 
USA 17,13 18,90 -1,77 18,60 20,61 -2,01 19,89 22,07 -2,18
GB 23,71 26,25 -2,54 22,33 25,21 -2,88 20,36 23,35 -2,99
 
Table 4.44: Average portfolio compositions by zero correlation on the mature market for 
the return level of 0,61%, 0,64% and 0,67% p.m.   
 
4.6.6.8 Conclusion of the simulation 
 
We can state that the hypotheses B, C can be confirmed also for the simulated portfolio 
performance. Thus, the realized performance of the portfolio model based on the shortfall 
risk is superior to this of the portfolio model based on the variance on all capital market, 
whereas the differences are higher on the emerging and global market than on the mature 
market.  
The simulation provides a evidence that better performance of the (µ, LPM2,τ)- than (µ, σ)- 
portfolio model is affected by distinct risk measures and risk diversification, and by the 
consideration of the skewness in the (µ, LPM2,τ)- optimized portfolios.  
 
4.6.7 Conclusion of the empirical study 
 
This empirical study reveals significant differences between the asset allocation optimized 
with the (µ, σ)- and (µ, LPM2,τ)- portfolio model by all portfolio types. The differences 
grow with non-normality of return distributions, so they are higher on the emerging and 
global market than on the mature market. The approximation of both risk understanding 
with one portfolio model is not advisable.  
The extensive test on realized performance proves superior results with the (µ, LPM2,τ)- 
model in relation to the (µ, σ)- model on all examined markets. The out-of-sample 
performance differences are higher on the emerging and global market than on the mature 
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market. The comparison of simulated realized performance of both models for generated 
returns confirms these statements.  
The analysis of realized performance reveals that the differences affect above all different 
measures of risk and risk diversification, and consideration of higher moments of return 
distributions in the (µ, LPM2,τ)- optimized portfolios. In the (µ, σ)- model positive return 
deviations outliers are avoided by the minimization of the variance. Since the shortfall 
standard deviation in the (µ, LPM2,τ)- model distincts between adverse and favourable 
return development whereby only the volatility below the financial target is penalized. By 
its minimization the chance to over perform the target return is not eliminated. These 
effects are intensified by the asymmetric return distributions. The (µ, LPM2,τ)- optimized 
portfolios contain typically higher proportion of positively skewed assets than the (µ, σ)- 
optimized portfolios. By the assets with positiv skeweness the upside returns occur in 
larger magnitude than the downside returns what has positive effect on the performance of 
the (µ, LPM2,τ)- portfolios in our test. Furthermore, we show that the distinctive risk 
diversification affects better performance of the (µ, LPM2,τ)- portfolios since the shortfall 





















5 PORTFOLIO SELECTION BASED ON CHANCE  
         POTENTIAL AND SHORTFALL RISK 
 
Bear in mind that the portfolio selection model in this thesis should be presented for 
investors who are not content with the asset allocation of the Markowitz portfolio model 
because of the specific definition of individual preferences reflected in the decision 
parameters of value, risk and diversification, utility function and restriction on asset 
universe. A question should be raised at this point of the thesis - after analysis of the most 
popular and appealing approaches to the portfolio selection - whether this goal has already 
been fulfilled.   
The downside risk measure incorporated in the proposed (µ, LPM)- portfolio optimization  
increases the chance of benefiting from high returns while simultaneously preserving the 
minimal acceptable return. The possibility to adjust this risk measure, and thereby 
individually evaluate the outcomes falling below the lowest aspiration return is its major 
benefit. The flexibility of this “tool” stands in contrast to the inflexibility of the value 
measure - mean. More precisely, in the (µ, LPM)- portfolio model returns above the target 
are only input in the computation of the mean which implies (as often criticized in the 
literature) neutrality towards the chance of over-performing the minimal aspiration return. 
It has to be stressed that there are still many investors already content with the (µ, LPM)- 
based portfolio selection, however, elbowroom for possible model adjustment exists.  
In the following sections, we develop a portfolio model which is a logical progression that 
combines the advantages of previous models and at the same time eliminates their 
disadvantages. This portfolio model is consistent with the expected utility maxim for 
numerous utility functions, and can reflect arbitrary investors’ preferences while using the 
whole return distribution. In the downside part of distribution, variable risk preferences are 
expressed using downside risk. The upside deviations from the benchmark are not 
minimized as in case of (µ, σ)- nor considered risk neutral as in the (µ, LPM)- model. The 
reference point of return deviations is explicitly given by the investor, and represents the 
minimum target return that must be earned in order to accomplish investor goals. This new 
portfolio model takes account of higher moments of return distributions such as skewness 




5.1 Fundamentals of the portfolio selection based on upper and lower 
partial moment  
 
5.1.1 Measures of portfolio value, risk and return dependency 
 
Corresponding with the modern portfolio theory276, we consider assets as stochastic 
random variables, and quantify their stochastic return interdependence. The investors’ 
decision variables are also defined as value and risk of investment. 
As the (UPM, LPM)- portfolio model is based on the same risk measure as the already 
described (µ, LPM)-portfolio model, we abandon further description of the lower partial 
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              (5.1)
   
Recall the possibility of variable evaluation of the shortfall in this portfolio model that the 
power function in the LPM can be replaced by any other function e.g. logarithm, 
exponential. In the following, we stay with the power function because of its familiarity 
and good approximation of many other functions. 
A counterpart of the shortfall risk is the chance potential. The chance potential contains 
upward return deviations from the minimal aspiration return τ weighted by their 
probabilities ps in the states s. Evaluating these upward return deviations by an arbitrary 
function h, we obtain a general form of the chance potential or upper partial measure (UP). 














              (5.3) 
 
                                                 
276 The definition of the modern portfolio theory on the page 5  
277 as (4.10) 
278 as (3.44) and (3.45) 
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where c is parameter of chance potential seeking or aversion280. 
Due to the return dependency between assets, we can not linearly combine the risk and 
value measures of single assets in the portfolio shortfall risk and portfolio upside potential. 
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So, the return dependency is measured separately in the downside (LPMij) and in the 
upside part (UPMij) of return distribution. Then, the portfolio lower partial moment (in the 
following synonym for portfolio shortfall risk) is obtained as284:  
                                                 
279 as (3.47) 






1UPM ττ  
281 as (4.12), (4.13) 
282 Formulae (5.6) and (5.7) leads always to the same results for a=2 
283 Formulae (5.8) and (5.9) leads always to the same results for c=2 
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ijjip UPMxxUPM .            (5.11) 
 
With these portfolio measures, the assets are evaluated according to their impact on risk 
and return of portfolio. Thus, the last characteristic of the modern portfolio theory - 
consideration of the diversification in the portfolio - is also fulfilled. 
 
5.1.2 The (UPM, LPM)- efficient frontier 
 
5.1.2.1  The (UPM, LPM)- efficient frontier without the risk-free asset 
 
The investor concerned with achieving financial targets has two goals: minimizing the 
shortfall risk and maximizing the chance potential on the set of legitimate portfolios 
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This multiple objective optimization can be transformed into a one objective optimization 
problem. The efficient portfolio x is defined as a legitimate portfolio which maximizes the 
chance potential for a given level of shortfall risk, or minimizes the shortfall risk for a 
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Both approaches leads to the same set of efficient portfolios. In the following presentation, 
formulation 5.13 is applied due to easier computation286. The frontier of efficient portfolios 
results from the repeated optimization for different values of the chance potential from the 
interval determined by the chance potential of the minimum shortfall risk portfolio and 
maximum chance potential portfolio (figure below). The efficient portfolios can be 
depicted in the system of coordinates UPMc,τ1/c/LPMa,τ1/a. The form of the efficient frontier 
depends on the convexity of the objective function (formulae 5.49a) and condition 
(formulae 5.49c). If the objective function and constraint is convex, the problem 5.13 can 
be said to be a convex quadratic optimization problem. Then, the optimization results in a 
                                                 
285 The standard form of the portfolio model set Ai and b in the linear equality constrain of the general 
portfolio model equal one. 
286 Description of the optimization algorithm is given later in the section 5.4 
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concave efficient frontier (figure 5.1). This is the most often case (see figure 5.27, 5.37, 
5.46, 5.56), but other forms of the efficient frontier are not excluded. 
 
 




                                                           
 
   
                                                                                                                LPMa,τ1/a 
                                                                                            
 
Figure 5.1: (UPM, LPM)- efficient frontier 
 
5.1.2.2   The (UPM, LPM)- efficient frontier with the risk-free asset 
 
The idea, proposed by Tobin, that the investment process can be separated into two distinct 
steps: the construction of efficient portfolio, and the decision to combine this efficient 
portfolio with the risk-free investment, enables the construction of the capital market line 
as a linear combinations of the tangential portfolio and the risk-free asset which achieves 
for the same risk higher value than the former efficient frontier. So, linear combinations of 
the risk-free investment and the tangential portfolio represent the set of efficient portfolios. 
This is known as the separation theorem and can be applied by adding dispersion free 
return rf  into the asset universe for which the 0UPMLPM ff r,cr,a == == ττ , and therefore 
also the co-shortfall risk 0LPMLPM ff r,TT,r ==  and co-chance potential 
0UPMUPM
ff r,TT,r
== . This allows the expected shortfall risk287 and the chance potential 
of the mixed portfolio P, containing the risk-free asset fr  and risky tangential portfolio T, 
proportional to the shortfall risk a/1TLPM and the chance potential 
c/1
TUPM of the portfolio 
T to be expressed as follows: 
                                                 
287 as (4.20) 
●  MaxUPM 








P })]r(τ)x(1)r(τxE{max[0,])rτE[max(0,LPM −⋅−+−⋅=−=     (5.15) 






P }τ)](r)x(1τ)(rxE{max[0,]τ)rE[max(0,UPM −⋅−+−⋅=−=     (5.16) 
   c/1TT UPMx ⋅=  
with xT: weight of portfolio T in the mixed portfolio P 
(1-xT): weight of risk-free asset in the portfolio P 
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Figure 5.2: (UPM, LPM)- efficient line with the risk-free asset in the (UPMc,τ1/c, LPMa,τ1/a ) 
– framework 
 
When we assume that the separation theorem holds, the tangential portfolio differs for 
different risk-value preferences (a, c- exponents and target τ) in the (UPMc,τ1/c,LPMa,τ1/a ) – 
framework. So, the efficient line is the same only for investors with the same target return 
and exposure preferences towards shortfall risk and chance potential. This result 
corresponds with the theory of segmented markets which is discussed later in the section 







5.1.3 Selection of the optimal portfolio 
 
The selection of the optimal portfolio proceeds in the same way as by the previous 
portfolio models. The consistency with the expected utility maxim guarantee indifference 
curves derives from the expected utility function288: 
 
ττ ,a2,c1 LPMhUPMhEU ⋅−⋅= ,                 (5.17) 
 











UPM ⋅+=             (5.18) 
 
The optimal portfolio is determined by the tangential indifference curve to the efficient 
frontier in the (UPMc,τ 1/c ,LPMa,τ 1/a)- coordinate system289. 
For practical purposes we suggest finding the optimal portfolio by the specification of the 
UPM or LPM level which the investor expects to achieve, within the constraints of the 
optimization formulation.  
 
5.2 Analysis of the (UPM, LPM)- portfolio model 
 
5.2.1 Investor’s risk and value preferences 
 
When risk is perceived as possible loss, defined as not achieving investor’s minimal 
acceptable return (target return), we can divide random deviations from the financial target 
into two parts: shortfall part and excess part (figure below). An investor concerned with 
achieving a financial target has two goals: minimization of the shortfall part and 
maximization of the excess part. The investor makes a trade off between risk and value - 
shortfall and excess part. In the context of investor exhibiting a minimum aspiration return, 
the application of mean as a decision parameter to be maximized is inconsistent, because 
the mean contains below target returns. 
 
                                                 
288 For derivation and description see section 5.2.3.1 
289 Similarly as in the figure 2.3 
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                    minimize shortfall risk                maximize chance potential         
 
 
Figure 5.3: Investor’s risk-value preferences in the (UPM, LPM)- model 
 
Risk is measured as falling below specified target which assures that its minimization in 
the portfolio model does not eliminate returns above the target return. By the maximization 
of returns exceeding the target, investor increases the chance of over-performance.   
In the chapter about the (µ, LPM)- model, the lower partial moment - function of adverse 
return deviations - was discussed in detail. The minimum aspiration return τ and the 
exponent a (0<a<1 means risk seeking, a=1 risk neutrality, and a>1 risk aversion) allows 
the explicit adjustment of this measure to the investor’s objectives.  
The chance potential as the measure of possibility to over-perform the minimal aspiration 
return contains important information about how often and how far the investor wants to 
exceed the minimum aspiration return. It reflects the decision maker’s feelings about 
relative consequences of exceeding the target by various amounts, which the mean does 
not consider.  
By variable exponentiation of upside return deviations, different preferences can be 
expressed: chance potential seeking, chance potential neutrality or chance potential 
aversion. If the investor’s main concern is to exceed the target return without particular 




conservative strategy on the upside - or chance potential aversion290. Higher values of c are 
appropriate when small upside return deviations are perceived as relatively less attractive 
when compared to larger excess returns; such investor is chance potential seeking. Due to 
the maximization of this part of the return distribution, the exponent 0<c<1 expresses 
chance potential aversion, c=1 chance potential neutrality and c>1 chance potential 
seeking. Hence, the often criticized neutrality above the target as in the (µ, LPM)- model or 
potential aversion as in case of the (µ,σ)- model is eliminated.  
The exponent c does not have to be the same as the penalizing exponent a; so we can 
combine different strategies; for example, risk aversion a=4 and potential aversion c=0,5 
might represent a conservative investor. The following example illustrates the difference 
between the mean and UPM, and shows how the UPM works with the changing exponent.  
We expect assets A, B, C to have returns fluctuating about the same mean of 20,5% (see 
graph below). So, they differ only in their UPM. The target return is assumed to be 0,5% 























                                                 
290 Such a strategy could be short call or short put and their dynamic replication with stock and bonds. 
291 As all returns are higher than 0,5%, all assets have the same risk (LPMA,B,C = 0). 
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Asset A B C 
UPM(c=0,25;τ=0,5) 19,77 15,29 7,85 
UPM(c=0,5; τ =0,5) 19,85 16,89 12,22 
UPM(c=0,75;τ=0,5) 19,92 18,48 16,47 
UPM(c=1; τ =0,5) 20,00 20,00 20,00 
UPM(c=2; τ =0,5) 20,30 24,70 27,93 
UPM(c=3; τ =0,5) 20,59 27,42 31,35 
UPM(c=4; τ =0,5) 20,87 29,02 33,22 
Mean 20,50 20,50 20,50 
 
Table 5.1: Evaluation with the chance potential 
 
Now, we take different exponents c to evaluate the assets. By c=0,25 we would choose the 
asset A. As 0<c<1 expresses chance potential aversion, the asset A with rather consistent 
performance is the optimal allocation. Preference for the asset A remains for all exponent 
values of potential aversion. However, with the growing exponent expressing decreasing 
potential aversion, the relative benefit from the asset A decreases.  
With UPM for c=1, the assets are evaluated equally by the mean, because c=1 expresses 
neutrality towards different exposures to returns above the target.   
By c=2 the asset C is the best choice. The values of c larger than 1 indicates that the upside 
deviations are assessed over-proportionally, so large excess returns are perceived as 
relatively more attractive than small ones. Thus, the higher the returns are from target, the 
more investors like them - chance potential seeking. As the asset C has the greatest chance 
of the highest returns, we evaluate it as providing us with the highest value. Increasing 
exponent c means that the potential seeking preference grows, and therefore also the 
preference for the asset C increases. 
The following example illustrates that assets do not have to have the same UPM when c=1, 
even if they have the same means. In the figure 5.5, the returns of the asset X and Y are 
presented. Here, the target return of 2% is introduced thereby dividing returns into below 
and above target returns. The upside deviations of the assets X and Y from the target differ, 

















Figure 5.5: Evaluation by the mean and chance potential 
 
Value  X Y 
Mean 3 3 
UPM (c=1; τ =2) 1,08 1,46 
LPM (a =1, τ=2) 0,08 0,46 
 
Table 5.2: Mean, LPM, UPM 
 
5.2.2 Asset universe 
 
Recall that measuring return deviations in the downside part of return distribution contains 
approximate information about the asymmetry and fat tails. Therefore, return distributions 
with the same variance and mean but different higher moments are differentiated in the 
lower partial moments LPMA and LPMB, assuming τ and a are held the same (figure 
below). Therefore, the alternatives A, B can be considered indifferent with the (µ, σ)- 





                                                 




                 








Figure 5.6: Non-normally distributed returns 
 
As distributions can look like the distribution in the figure 5.7 (the same lower partial 
measure, but not the same upper one), it is important to not only have the information 
about the downside returns, but also the upside returns. With µ and LPM both alternatives 
would be considered indifferent. With UPM we can also evaluate different return 
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Figure 5.7: Non-normally distributed returns with the same shortfall risk 
 
The return deviations related to the target also provide information about the location of 
return distribution. This assures that the distributions with the same form can be 



















Figure 5.8: Different shortfall risk by the same form of return distribution  
 
Conclusively, with decisions based on the upper and lower partial moments, the investor 
will consider all of the information about upside and downside return deviations from the 
minimal aspiration return, asymmetry, kurtosis and location of the distribution, and can 
evaluated it using the variable parameters a, c, τ. 
These findings imply that the asset universe may be used without any restrictions on return 
distributions. Compared with the (µ, LPMa,τ)- model, the (UPMc,τ, LPMa,τ)- model allows 
the evaluation of the probability and extent of over-performing the minimum aspiration 
return, and therefore the assessment of asset classes such as financial derivatives, fixed 
income securities, stocks, real estates, commodities. 
 
5.2.3 Congruence of the (UPM, LPM)- decision principle and decision principles 
based on comprehensive evaluation of random variables  
 
5.2.3.1 Congruence of the (UPM, LPM)- decision principle and expected utility 
maximization 
 
What are the implications of the (UPM, LPM)- portfolio model for utility functions? The 
previous analysis indicates that this portfolio model complies with a broad spectrum of 
utility functions (see figure 5.9). Similar to the Fishburn’s utility function (for which the 
(µ,LPM)- is consistent with the expected utility maxim) is the variability in the part below 
the target return. However, the upper part can also reflects variable behavior, and not 





According to the Markowitz, the portfolio expected utility EU consistent with Bernoulli’s 
expected utility maxim may be in general interpreted as a risk-adjusted expected value 
since it is computed by subtraction of the risk penalty from the expected value293: 
 
risk expectedh - value expectedh  EU 21 ⋅⋅= .          (5.19) 
 
This expected utility has to be maximized for any given parameter h > 0. In analogy with 
Markowitz, the expected utility is computed by subtraction of the downside risk penalty 
from the expected chance potential for the case of the expected chance potential and 
downside risk: 
  
risk downside expectedh - potential chance expectedh   EU 21 ⋅⋅=         (5.20) 
ττ a,2,c1 LPMh - UPMh  EU ⋅⋅= . 
 





1 ]r);0max[(τh - τ);0]max[(rh  U −⋅−⋅=           (5.21) 
that means 
c
1 τ(rh  U )−⋅=        for all r ≥  τ and     
a
2 r(τh-  U )−⋅=     for all r ≤  τ         
where  h1, h2 >0. 
 
Usually, individuals exhibit change in their utility function at their reference point (target 
return). The target return should express the return that must be earned at minimum in 






                                                 




Figure 5.9: Utility functions of the (UPM, LPM)- portfolio model for variable exponents  
(τ=0; h=1)  
 
5.2.3.1.1  Basic types of the (UPM, LPM)- utility function 
 
Basic types of the utility function are given in the table 5.3. With the (UPM, LPM)- 
portfolio model all these utility types can be assumed, and therefore it is appropriate for all 
investors with such utility functions.   
The  - shaped utility function (Nr.1 in the table) is consistent with insurance against losses, 
and taking bets for gains. Already Markowitz mentioned such utility function, but without 

























concave utility function294. The utility functions of prospect theory295 in behavioral finance 
are the S-shaped utility functions (Nr.3). They indicates the investor’s tendency to make 
risk-averse choices in gains and risk-seeking choices in losses. As in the classic theory of 
the expected utility, the concave utility function (Nr.2) may be expressed with this model. 
Also for individuals with the convex utility function the (UPM, LPM)- model can be 
applied. Additionally, risk neutrality (a=1) in combination with chance potential aversion 
or chance potential seeking, i.e. linear gain function and concave or convex loss function, 
can be assumed. Also the chance potential neutrality (c=1) with risk aversion or risk 
seeking implying linear utility function above the target and concave or convex below the 
target is allowed. Linear gain and loss function can also be assumed what means that the 
gains and losses are evaluated neutrally - proportional to their real extension. 
We present an example of the decision corresponding with these basic utility types. 
Decision situation: 
Investor has 20 000 $, and could decide between: 
a) winning additionally 5 000 $ with probability of 100%  
b) winning additionally 10 000 $ with probability of 50% and nothing with probability 
of 50% 
Investor has 20 000 Euro, and could decide between 
a) losing additionally 5 000 $ with probability of 100% 
b) losing additionally 10 000 $ with probability of 50% and nothing with probability 
of 50%. 
In the last column of the table 5.3 you can find the answers related to the type of utility 
function. In the classic theory of the expected utility the questions are answered with a) in 
both situation, as by the same expected wealth the certain alternative is preferable, i.e. 
concave utility function is assumed. Also quadratic utility function inherent in the (µ, σ)- 
portfolio model belongs to the class of concave utility functions. However, the 
experimental studies reveal that there is considerable number of risk averse and chance 
potential seeking individuals, which would choose in the first situation b) and in the second 
one a), and risk seeking and chance potential averse individuals which would choose in the 
first situation a) and in the second one b). Also the individuals choosing in the first and 
                                                 
294 He wrote:„A utility function need not be everywhere concave or everywhere convex….Utility function  
with convex segments raise serious computing problems in portfolio selection.“ in: Markowitz (1952), 
p.218 
295 Tversky (1992), p. 297-323 
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second situation b) are not negligible. The indifference in the decision situation indicates 
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Table 5.3: Basic types of the utility functions  
 
The quadratic utility function assumed in the (µ, σ)- portfolio model can also be 
approximated by the utility function of the (UPM, LPM)- model. This approximated utility 
differs only for greater values than the zenith of the (µ, σ)- utility function 2βαr ≤ . 
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Behind this point the utility decreases with increasing final wealth what is highly irrational. 
However, in the utility function based on the (UPM, LPM)- measures the utility further 
increases with the growing final wealth. The parameters of the (UPM, LPM)- utility 
function which approximate (µ, σ)- utility depends on the α, β- parameters of the (µ, σ)- 
utility function. So, there is not only one approximation with constant τ, a, c, but with 
changing slope of the (µ, σ)- utility function we have to adjust all parameters τ, a and c. 


















Figure 5.10: The utility function assumed by the (µ, σ)- model and the approximate utility 
function based on the (UPM, LPM)– model for =τ 0,03, 21−=a , 2=c , =1h 0,52, 
73,12 −=h  
 
One can argue that also with the quadratic utility function a variable grade of risk aversion 
could be expressed. With decreasing β -slope of (2.14) investor is less risk averse, so he is 
willing to accept larger amount of risk for small increase in return. Then, his utility 
function (indifference curves) applied by the selection of the optimal portfolio chooses 
optimal portfolio in the right part of the (µ, σ)- efficient frontier . However, as discussed 
above, variable exposure preferences towards shortfall risk and chance potential cannot be 
considered in such optimal portfolios.  
The (UPM, LPM)- model assumes many efficient frontiers. Only investors with the same 
target return and exposure preferences (a, c, τ) have an identical one.  
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This finding corresponds with the theory of segmented market296. On such market we can 
only have local minima and maxima for each segment of the market what implies specific 
frontier of portfolios efficient in this segment. With the (UPM, LPM)- model the market 
segment would be defined by the same target return and exposure preferences towards 
chance and shortfall risk. Segmented market theory includes disequilibrium pricing on the 
market. In disequilibrium processes, the law of large numbers, the basis for standard 
statistical techniques, breaks down resulting in non-normal distributions. Such market 
requires the use of utility and portfolio theory297. In this context, the (UPM, LPM)- 
portfolio model is appropriate because it allows for different investor’s utility functions 
and does not assume the normal distribution.  
Assumption of the segmented market implies for the practice of portfolio management that 
managers have to interview their clients to determine their goals and exposure to risk and 
chance, and then formulate appropriate portfolio strategy. This allows for the investment 
strategy reflecting many factors as e.g. initially invested wealth, relation of the initial to the 
whole wealth and length of investment horizon. 
When we assume that the separation theorem holds in the (µ, σ)- world, we have only one 
efficient risky portfolio to invest – the tangential portfolio. The structure of the tangential 
portfolio is the same in the risky part of each asset allocation for all investors regardless of 
their risk aversion. The risk aversion is considered only in the proportion of the tangential 
portfolio and risk-free asset. To trust of this assumption is that we try to ensure that 
individuals are as alike as possible. But the conformity of investor behaviour that vastly 
simplifies the world of investment making is rather unrealistic298. Nevertheless, assuming 
the separation theorem holds in the (UPM, LPM)- framework, the structure of tangential 
portfolio is the same only for investors in the same segment characterized with the same 




                                                 
296There are number of segmented market theories proposed over the past 40 years, see e.g. Simon (1955), 
Peter (1991,1994). The segmented market causes preference for specific market or investment horizon. 
According to this theory, investors do not shift between different markets and maturities always when it is 
profitable. For instance, some investors, like commercial banks, confine their holdings to short maturity, 
whereas other investors, such as life insurance companies, will purchase and hold only long term assets. 
297 Nawrocki (1996), p. 3 
298 Bodie/Kane/Marcus (1996), p. 237 
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5.2.3.1.2  Estimation of the grade of shortfall risk aversion and chance potential 
exposure  
 
With the following method we can approximately estimate investor’s exposure to risk and 
chance - the exponent a and c. 
We compare always two alternatives with the same gain potential UPM but different risk 
to fail the target LPM. By the first, we can lose A-amount related to the target with p-
probability. By the second, we can lose B-amount related to the target with the same 
probability p, but in two states.  
By the evaluation of the alternatives with the exponent a=1, i.e. risk neutrality, we would 






















             (5.22) 
 
If we prefer the second alternative, we will exhibit a grade of risk aversion higher than one, 
because this alternative has lower total loss for all cases of risk aversion (a>1). To find our 


























            (5.23) 
 
If our grade of risk aversion is a=2, we will be indifferent between the loss of A-amount 
with p-probability and the loss of 2 2A -amount with the same probability p but in two 
states. If we prefer the second alternative, our grade of risk aversion is even higher than 
two. So we have to repeat the comparison of these two alternatives, but for higher 
exponent. For example, in case our a is equal 3, we are indifferent between the 
alternatives, when the loss of B in the second alternative is equal to 3 2A . If we prefer the 
second alternative, our grade of risk aversion will higher than 3, and we have to repeat the 
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comparison for even higher exponent. This procedure finishes when we find the indifferent 

























            (5.24) 
 
In case of risk seeking we would prefer by the first comparison (a=1) the first alternative. 
Hence, we have to proceed for lower and lower exponent until we reach the indifference.  
For the grade c of potential exposure in the upper part of return distribution we proceed in 
similar way as for the exponent a. But we consider two alternatives with amount A or B to 
win with the same risk to fail the target (LPM). Then, potential seeking has c>1, and 
conservative strategy on the upside 0<c<1.     
 
5.2.4 Risk diversification with the co-shortfall risk and co-chance potential 
 
The asymmetry in return dependence is taken into account in the (UPM, LPM)- portfolio 
model since return co-movements are measured separately: in the downside (LPMij) and 








isij p)rsign(τ|rτ|)]r(τMax[0,LPM ⋅−⋅−⋅−= ∑
=







isij pτ)-sign(r|τ-r|0] τ),-max[(rUPM ⋅⋅⋅= ∑
=
         (5.26) 
 
Thus, greater simultaneity of large return drops than implied by the normal distribution 
what is commonly observed on the capital markets are considered in the decision making 
with this model.  
The co-shortfall risk measures the extent to which the losses of one set of returns related to 
the target and penalized by the exponent a are eliminated by the gains of another set of 
returns. Only if returns below the minimal aspiration return occur at the same time, the 
portfolio risk increases. The co-shortfall risk does not depend on unison upside and 
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downside return movement related to the mean as by the covariance. Thus, the problems 
with the covariance discussed and illustrated in the sections 2.2.4.1 do not appear here.  
The co-chance potential as a measure of diversification of excess returns expresses the 
extent to which the gains of one set of returns, evaluated by the exponent c and related to 
the target, are offset by the losses of another return set. The portfolio chance potential 
increases, if returns of all assets above the target occur at the same time. As the chance 
potential (i.e. also co-chance-potential) is maximized, the simultaneous occurrence of 
upside return deviations by assets in portfolio is desirable.  
The extent and asymmetry in the portfolio diversification can be regulated by the a, c-
parameters. With the diversification on the upside we reduce simultaneous exposure to the 
excess returns. Then, portfolios of chance potential averse investors (0<c<1) who do not 
wish high exposure on the upside are more diversified than portfolios of chance potential 
seeking investors (c>1). As the diversification on the adverse side of the target reduces 
portfolio risk, portfolios of risk averse investors (a>1) are more diversified than portfolios 
of risk seeking investors (0<a<1). 
 
5.3 Geometric analysis of the (UPM, LPM)- efficient sets 
 
The following analysis of the (UPM, LPM)- efficient sets elucidates the problem of 
separating efficient from inefficient portfolios from a geometric point of view. To keep the 
analysis simple, the portfolio contains only three securities. The basic features of the 
analyses involving large numbers of securities can be found already in this three-security 
analysis. Then, only the dimension of the analysis increases. 
Firstly, the set of legitimate portfolios are determined by the imposed constraints, and so 
the set of portfolios in which we are permitted to invest is defined. The standard portfolio 
analysis is characterized by the following constraints: 
 
0x,0x,0x 321 ≥≥≥              (5.27) 
1xxx 321 =++ , 
 
where x1 represents the fraction of the portfolio invested in the first, x2 in the second and x3 
in the third security. Then, the points on and in the triangle ABC are legitimate portfolios 
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(figure 5.11). The axises indicate values of x1 and x2. The fraction of the third security x3 is 
given implicitly by the fractions invested in the other securities: 
 











Figure 5.11: The set of legitimate portfolios 
 
Similarly, the constraints of general type could be applied: 
 
BxAxAxA 332211 =++              (5.29) 
BxAxAxA 332211 ≤++  
BxAxAxA 332211 ≥++ . 
 
5.3.1 Iso-UPM curves 
 
The iso-UPM curves represents the iso-value curves in this model. Let )As(UPM  denotes 
the matrix of the upper partial moments in the portfolio of n-assets. This matrix is usually 
asymmetric. Due to the geometrical analysis, we symmetrize it as follows299: 
                                                 




2/)UPMUPM(UPM T)As()As( +=             (5.30) 
 
This symmetric matrix UPM leads to the same solution as the asymmetric )As(UPM  what 
is confirmed in the following proof. This proof is valid for variable number of assets in 
portfolio. 


















UPM             (5.31) 
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UPM              (5.33) 
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1UPM +⋅= ,           (5.35) 
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1 UPMxxUPMxxUPMxUPMx ⋅⋅+⋅⋅+⋅+⋅=        (5.36) 
Thus, we obtain the same equation as with the asymmetric matrix )As(UPM what has to be 
proved. 









111p xxUPM2xUPMxUPMxUPMUPM   
32233113 xxUPM2xxUPM2 ⋅⋅⋅+⋅⋅⋅+ .          (5.37) 
 








111p xxUPM2)xx1(UPMxUPMxUPMUPM   
+ )xx1(xUPM2)xx1(xUPM2 2122321113 −−⋅⋅⋅+−−⋅⋅⋅           (5.38) 
 







  +−⋅⋅++−−⋅⋅⋅+ )UPMUPM(x2)UPMUPMUPMUPM(xx2 331313323131221  
3333232 UPM)UPMUPM(x2 +−⋅⋅+          (5.39) 
 








Table 5.4: The example of the UPM matrix 
 




1p x)0228,00010,020193,0(x)0228,00123,020299,0(UPM  





12 xx021,0x0401,0x0281,00228,0)0228,00010,0(x2 ⋅⋅+⋅+⋅=+−⋅⋅+  
0228,0x0436,0x021,0 21 +⋅−⋅− .           (5.40) 
 











1 =+⋅−⋅−⋅⋅+⋅+⋅        (5.42) 
 
Typically, the iso-UPM curves are ellipses300. The ellipse marked 1UPM  in the figure 
below is locus of all points satisfying the above equation. The other iso-UPM curves we 
denote as ;012,02UPM =  ;014,03UPM =  ;016,04UPM =  02,05UPM = . The point 
labelled u is the centre of the system of the iso-UPM ellipses. The UPM=0,010047 of the 
                                                 
300 If the of UPM matrix is non singular. 
UPM i/j 1 2 3 
1 0,0299 0,0011 0,0123 
2 0,0011 0,0193 0,0010 
3 0,0123 0,0010 0,0228 
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portfolio represented by the point u is smaller than by any other legitimate or non-
legitimate portfolio. As pUPM increases, its iso-UPM curve expands without changing its 














Figure 5.12: The iso-UPM curves 
 
5.3.2 Iso-LPM curves 
 
The )As(LPM matrix represents the matrix of the lower partial moments in the portfolio of 
n-assets. As it is also usually asymmetric, we symmetrize it for our geometric analysis: 
 
2/)LPMLPM(LPM T)As()As( += .            (5.43) 
 
In the analysis with three-securities the expected lower partial moment of portfolio pLPM  











  3223 xxLPM2 ⋅⋅⋅+ .              (5.44) 
 





  +−⋅⋅++−−⋅⋅⋅+ )LPMLPM(x2)LPMLPMLPMLPM(xx2 331313323131221  
3333232 LPM)LPMLPM(x2 +−⋅⋅+            (5.45) 
 








Table 5.5: The example of LPM matrix 
 




1p x)0135,00043,020111,0(x)0135,00034,020124,0(LPM  





12 xx0,0214x0,0332x0,01910135,0)0135,00043,0(x2  
 0,0135x0,0356-x0,0202- 21 +⋅⋅            (5.46) 
 






1 +⋅⋅⋅⋅+⋅+⋅=    (5.47) 
 
LPM i/j 1 2 3 
1 0,0124 -0,0037 0,0034 
2 -0,0037 0,0111 -0,0043 
3 0,0034 -0,0043 0,0135 
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The ellipse labelled 5LPM  in the figure 5.13 is locus of all points satisfying the above 
equation.  
The iso-LPM curves for ;00505,04LPM =  ;004096,03LPM =  00323,02LPM = ; 
00274,01LPM =  are also depicted. As the pLPM decreases, the iso-LPM curve shrinks 
without changing its general shape, centre l, orientation, and ratio of the longest to the 
shortest diameter. The point l is the centre of the system of the iso-LPM ellipses since it 














Figure 5.13: The iso-LPM curves 
 
The ellipses of pLPM  and pUPM  could have variable orientation, shape and centre. The 
impact on the form have the minimal aspiration return τ, exponents a, c as well as the 
estimated returns. 
 
5.3.3 Efficient portfolios  
 
Efficient portfolios are legitimate portfolios which minimize pLPM  for given pUPM  
value, or which maximize pUPM  for given pLPM  value. Geometrically, we have to find 
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the smallest ellipse pLPM  which touches the predetermined ellipse pUPM , or the greatest 
ellipse pUPM  which touches the predetermined ellipse pLPM .  
For instance, we want to find the efficient portfolio for given 012,02UPM =  (figure 5.14). 
Imagine starting ellipse labelled 5LPM . As we move in the direction of decreasing 
pLPM , we successively meet the iso-LPM curves for 4LPM , 3LPM , 2LPM , 1LPM  
and finally point l. The first point where the ellipse pLPM  meets the ellipse 2UPM  is the 
touch point t on the 4LPM  ellipse. If we continue to move, we cross the ellipse 2UPM . 
The last point where pLPM  meets 2UPM  ellipse is the touch point labelled T on 2LPM  
ellipse. The touch point t represents portfolio with negative x1, so it is not legitimate, and 
therefore not efficient. From all legitimate points where the ellipse 2UPM  meets ellipses 
pLPM , the smallest pLPM  gives the touch point T. Even though the negative portfolio 
fractions were allowed, the touch point t would not be efficient since 4LPM  is greater 





















Similarly, we may proceed for other values of pUPM , and obtain the critical line lL which 
is the locus of the tangencies between the ellipses pLPM  and pUPM . It is the locus of all 
points which minimize the pLPM  among portfolios with the same pUPM . This critical 
line passes always through l, the centre of the iso-LPM lines. The critical line may or may 
not pass through the set of legitimate portfolios. In our example, only its part la represents 
legitimate portfolios. Then, the set of all efficient portfolios is represented by the bold line 
la1. The other points are inefficient or non-legitimate. Hence, we can state that any 
portfolio P is efficient: 
a) if it is legitimate; 
b) if any legitimate portfolio has a smaller pLPM , it must also have a smaller pUPM  
than portfolio P; and 
c) if any legitimate portfolio has a greater pUPM , it must also have a greater pLPM  
than portfolio P.  

























The related (UPM, LPM)- efficient frontier are obtained by transferring pUPM  and 
















Figure 5.16: (UPM, LPM)- efficient frontier 
 
The figure 5.17 illustrates the case with non-standard set of legitimate portfolios - polygon 

































Figure 5.19: The set of efficient portfolios with non-standard constraints. 
 
Computing the set of efficient portfolios for other input parameters, the critical lines will 
vary. Figures 5.18, 5.19 show results of other two optimisations with standard constraints. 
The set of efficient portfolios is depicted by the bold line. 
 
5.4 Optimization algorithm for the (UPM, LPM)-portfolio model 
 
Portfolio optimization based on UPM and LPM decision parameters belongs to the 
category of non-linearly constrained optimization problems which is in general formulated 
as minimization of non-linear function subject to non-linear constraints. The mathematical 
formulations of this problem is: 
 
Min )x(y                (5.48) 
s. t.:  bxA =⋅  
  C)x(c =  














where x is a vector of portfolio weights, y(x) is a non-linear smooth scalar function, c(x) is 
a vector of smooth non-linear constraints, vectors C, b and matrix A are constant, l and u 
are lower- and upper-bound vectors (may be infinite). The x includes slack variables where 
necessary to deal with inequalities301. 
The standard (UPM, LPM)- optimization problem in the vector form can be denoted as: 
 
a) Min xLPMxLPM Tp ⋅⋅=            (5.49) 
b) s.t.: bxA =⋅  
c)  m
T
p bxUPMxUPM =⋅⋅=  
d)  1x0 ≤≤  
 
with nx ℜ∈  :  vector of portfolio weights  
 x = (x1,…,xn)T 































































nb ℜ∈ : vector of restriction values  
( )T1m1 b,...,bb −=  
     
                                                 
301 As in the equation (2.20) 
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The equations (5.49 a, c) state that the portfolio shortfall risk is minimized for a given level 
of portfolio chance potential. With the equation (5.49 b) a set of linear equality restrictions 
is imposed on the asset allocation. Commonly, the full-investment constraint is required.  
The application of the critical line algorithm of Markowitz on the (UPM, LPM)- 
optimization problem as formulated above seems not to be appropriate, because the Kuhn-
Tucker conditions, the basis of the critical line algorithm, are not sufficient condition for x 
to be a global optimum. In addition, the relation between the portfolio weights x and uλ -





T −⋅⋅⋅−−⋅⋅′−⋅⋅= λλ          (5.50) 
 
in the necessary condition:  
 
0)xUPM2(AxLPM2)x(L u =⋅⋅⋅−⋅′−⋅⋅=′ λλ           (5.51) 
1
u )UPM2LPM2(Ax
−⋅⋅−⋅⋅⋅′= λλ  
 
is not linear. This non-linearity causes non-linear critical lines, and hence the computation 
of the corner portfolios is much more difficult than in the Markowitz’s critical line 
algorithm. 
The efficient results can be obtained by the application of the techniques solving non-
linearly constrained optimization: 
• methods based on augmented Lagrangians and exact penalty functions302,  
• sequential linear and quadratic programming methods303,  
• feasible sequential quadratic programming304, and  
• reduced-gradient methods.  
From the techniques proposed above, we choose the reduced-gradient methods and the 
method based on augmented Lagrangians algorithm for the application on the 
(UPM,LPM)- model. 
 
                                                 
302 Lasdon/Waren (1978), p. 335-362. 
303 Fletcher (1970), p. 317-322; Güler (1992), p. 445-470; Han (1977), p. 297-320 etc. 
304 Craig/Tits (2001), p. 1092-1118 
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5.4.1 Generalized reduced gradient method 
This method extends the optimization methods for linear constraints to apply to non-linear 
constraints305. The idea of generalized reduced gradient is based on the converting the 
constrained problem into the unconstrained one by direct substitution. With non-linear 
constraint equations, as in case of UPM constraint, it is not feasible to solve m constraint 
equations for m the independent variables in terms of the remaining (n-m) variables, and 
then to substitute them into the economic model. Instead of it, the economic model and 
constraint equations has to be expanded in a Taylor series from which only the first order 
term is used. This results in linear equations, and the constraint equations could be 
substituted to reduce the number of independent variables. Then, the procedure of 
constrained variation and Lagrange multipliers is applied.  
The computational procedure can be divided into the following steps: 
1. Formulation of the optimization problem. 
2. Derivation of the equation of the reduced gradient.  
3. Application of the reduced gradient to locate better values of the economic model. 
4. Location of the minimum of the economic model along the reduced gradient line 
from xk. 
5. Repetition of the search. 
1. Formulation of the optimization problem 
We start with formulation of the non-linear optimization problem in the following form306:  
a) Min xLPMx:)x(LPM Tp ⋅⋅            (5.52) 
b) s.t.: 0bxA:)x(f i =−⋅    for i = 1, 2, ..., m-1 
c)  0bxUPMx:)x(f m
T
m =−⋅⋅   
 
Although not specifically written above, the variables have limits; and the described 
procedure will ensure that all variables are positive or zero.  
 
 
                                                 
305 Lasdon/Waren (1978), p. 335-362. Reduced gradient method by Wolfe (1963) was extended by 
Abadie/Carpenter (1969) using the name generalized reduced gradient. 
306 The necessary slack and surplus variables can be added to any inequality constraints. 
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2.  Derivation of the equation of the reduced gradient  
 
The generalized reduced gradient method tries to find an improved direction for the 
economic model also satisfying the constraint equations. This necessitates the expression 
for the reduced gradient from the equation (5.52). Therefore, we separate the independent 
variables into basic and non-basic ones. Non-basic variables are used to calculate the 
values of basic variables, and to obtain the optimum of the model. We have m basic 
variables denoted as xb, and (n-m) non-basic variables xnb. The constraint equations can be 
written as: 
 
0)x,x(f)x(f nbbii ==   for i = 1, 2, ..., m,           (5.53) 
 
and the solution of the basic variables xb in terms of xnb gives:  
 
)x(fx nbib,i =   for i = 1, 2, ..., m.            (5.54) 
 
Also the objective function is to be expressed with non-basic and basic variables:  
 
)x(lpm)x,x(LPM)x(LPM nbnbbpp == .           (5.55) 
 
Computing the Taylor series from the above equation about xk and including only the first 































.       (5.56) 
 







T dx)x(LPMdx)x(LPMdx)x(lpm ⋅∇+⋅∇=⋅∇ .         (5.57) 
 
Additionally, a Taylor series expansion of the constraint equations (5.53) has to be 























 for i = 1, 2, ..., m.        (5.58) 
 

























































































































Denoting the first matrix as Wb and the third as Wnb, we can write simply: 
 















T dxWW)x(LPMdx)x(LPMdx)x(lpm ⋅⋅⋅∇−⋅∇=⋅∇ − .         (5.61) 
 










T WW)x(LPM)x(LPM)x(lpm ⋅⋅∇−∇=∇ −         (5.62) 
 
This satisfies the economic model and the constraint equations. We assume that the values 
of the first partial derivatives of the model and constraint equations at a feasible point are 
known.  
 
3. Application of the reduced gradient to locate better values of the economic 
model 
 
We uses the reduced gradient to obtain better values of the model in the following way:  
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)x(lpmxx kpnb,knb,1k ∇⋅+=+ α .                  (5.63) 
It is necessary to know not only xnb but also xb at each step. So, the equation (5.53) must be 
solved for xb. Usually, this must be done numerically using the Newton - Raphson method. 





+ ,              (5.64) 
whereby the values of the roots of the constraint equations (5.53) are used for xb. 
 
4. Location of the minimum of lpm(xnb) along the reduced gradient line from xk. 
 
A line search is used to locate the minimum of lpm(xnb) along the reduced gradient line 








              (5.65) 
 
From this equation we obtain the value of α . After the substitution ofα  into the equation 
(5.63), we obtain new values xk+1. 
5.  Repetition of the search 
Now, we repeat the search, i.e. points 2, 3, 4 starting at xk+1. So, we compute new equation 
for the reduced gradient )x(lpm 1kp
T
+∇ . This reduced gradient is used to locate better 
values of the economic model at xk+1,nb and xk+1,b. Then, a line search is used to locate the 
optimum of lpm(xnb) along the reduced gradient line from xk+1, and new values xk+2 are 
reached. The procedure has to be repeated until the minimum is reached by the fulfilled 
constraints. In this minimum the reduced gradient is equal to zero. 
The standard reduced-gradient algorithm is implemented in CONOPT, GRG2, LSGRG2 
software programs which are available at no cost for academic use on the NEOS-server for 
optimization307. They work reliably even for large-scale problems.  
                                                 
307 Available on: http://www-neos.mcs.anl.gov/ 
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5.4.2 Augmented Lagrangian algorithms 
 
This algorithm308 solves a sequence of subproblems. Each subproblem, or major iteration, 
solves a linearly constrained minimization (maximization) problem. The constraints for 
this linear subproblem are the linearlized non-linear constraints as well as the original 
linear constraints and bounds.  
At the start of the k-th major iteration, let xk be an estimate of the non-linear variables, and 
let λk be an estimate of the Lagrange multipliers associated with the non-linear constraints. 
The constraints are linearized by changing UPMp(x) to its linear approximation around the 
point xk: 
 
)xx()x(UPM)x(UPM)x,x(UPM)x(UPM kkpxkpkpp −⋅∇+=≈        (5.66) 
where )x(UPM kpx∇  is a gradient matrix evaluated in xk. 
 
The subproblem to be solved during the k-th major iteration is then: 
 
Min +−− )]x(UPM)x(UPM[LPM kpp
T






kpp −⋅−⋅⋅+ ω  
s. t.:  mkp b)x,x(UPM =  
bxA =⋅  
1x0 ≤≤  
 
The objective function is called an augmented Lagrangian. Then, the penalty parameter ω 
is increased to approach the non-linear constraints with an arbitrary level of precision. This 
direct approach for non-linear problem optimization with non-linear constraints makes it 
necessary – unlike in the (µ, σ)- optimization – to solve several instances for different 
values of bm, and interpolating between them to obtain an approximation of the optimal 
value. A large-scale implementation of the augmented Lagrangian approach can be found 
in the LANCELOT and MINOS program package on the NEOS-server for optimization.   
For detailed description of all mentioned algorithms, we refer to the technical literature. 
                                                 
308 Bertsekas (1982), p. 20-50   
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The significance of the asset allocation problems with the traditionally applied (µ, σ)- 
portfolio model depends on the assumptions of return distribution. In general, assets with 
normal return distribution, i.e. with zero higher moments of distribution, can be well 
managed by the (µ, σ)- model. However, problems occur when returns are not normally 
distributed. A short overview of the asset classes generating non normally distributed 
returns such as financial derivatives, fixed-income securities, equities, real estates and 
commodities is given in the section 2.2.2. There is a strong evidence that on the capital 
market demand for financial products with non-normally distributed return pay-off, above 
all asymmetric, rapidly increases309. Individuals are not equally concerned with avoiding 
losses and seeking gains, what is reflected in their asymmetric risk-chance preferences.  
In this section, the fast growing area of investment strategies including financial 
derivatives is addressed. The main purpose of implementing financial derivatives into 
portfolio is to modify symmetric portfolio return distribution, i.e. symmetric exposure to 
low and high returns, to asymmetric one. With the combination of assets and their 
derivative instruments, banks provide structured products corresponding with variable 
asymmetric risk and return preferences of investors, market expectations and market 
conditions. Structured products enjoy a great popularity as could be seen in their enormous 
amount offered by banks and brokerage firms for institutional and private investors. The 
most commonly, banks have to meet the demand of customers to participate in increasing 
markets without taking risk. So, they supply numerous investment products with insurance 
characteristics which truncate shortfall returns and preserve as much of upside returns as 
economically feasible. As the derivatives can be replicated by dynamic trading strategies - 
synthetic derivatives containing common asset classes such as stocks and bonds - the 
availability of an appropriate contract design is ensured.   




                                                 
309 Merriken (1994), p.67 
 
230 
1. In case the (µ, σ)- based portfolio optimization is applied.  
a) When the portfolio of underlying assets is optimized, and then the derivatives are 
traded on them, the portfolio with the derivatives does not remain optimal as the 
derivatives modify the input parameters of the optimization.  
b) When the assets with derivatives are optimized with this algorithm, the incorrect 
asset allocations occur, because the positions with derivatives are usually non-
normally distributed [the (µ, σ)- optimization assumes normally distributed 
returns310]. Even for symmetric return distributions (skewness is zero), the (µ, σ)- 
optimization is not without problems as other higher moments of return 
distributions may be significant. 
2. Without portfolio optimization. 
In the practice the positions with financial derivatives are often managed separately 
or for small number of underlyings, and thus without portfolio optimization. 
Nevertheless, the assets are not evaluated according to their impact on risk and 
return of portfolio as recommended in the modern portfolio theory since the risk 
diversification is not considered.  
With the proposed (UPM, LPM)- portfolio model assets with non-normally as well as 
normally distributed returns can be well managed. In the decision parameters of this model 
different exposure to risk and chance potential and goals of asset allocation could be 
considered.  
Another possibility how to manage asymmetrical preferences and non-normal return 
distributions is the (µ, LPM)- portfolio model. In contrast to the (UPM, LPM)- model, it 
captures variable investor’s behavior only in the downside part of return distribution, but 
assumes exclusively neutral return preferences in the upside part.  
From the investment strategies with financial derivatives we choose portfolios with 







                                                 
310  The normally distributed returns do not have to be assumed by the mean-variance optimization when the 
utility function is quadratic. However, it is not the case by the addressed asymmetric utility preferences. 
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5.5.2 Application of the (UPM, LPM)- portfolio model on optioned portfolios 
 
5.5.2.1  Characteristics of optioned assets 
 
Firstly, we discuss the characteristics of optioned assets. The optioned portfolio is a 
strategy by which puts or calls are sold or bought on the assets in portfolio. The main 
purpose of implementing options in portfolio is to modify the exposure of underlyings to 
their high or low returns. Including options into portfolio and changing its proportion 
(hedge ratio), we modify return probability distribution according to our utility function. 
We can sell higher exposure to high returns as by writing call on asset, or buy low 
exposure to low returns as by buying protective put on asset. By selling high exposure to 
high returns we sell skewness and accept negatively skewed returns, and by buying low 
exposure to low returns we buy positive skewness to obtain positively skewed returns (see 
figure below).  
 
 
                 
                                                       P(r)           





                        0                              r 
 
Figure 5.20: Return probability distribution of protective put and written covered call311  
 
Even if underlying asset is normally distributed, the distribution of optioned asset is 
significantly skewed. Consequently, the (µ, σ)- optimization based on the assumption of 
normally distributed returns will not suffice when assets in portfolio are altered by option-
related strategies. The well know pitfall in decisions based on the (µ, σ)- optimization is 
preferring the strategies with short calls rather than long puts on asset. The variance does 
not capture skewness of optioned assets, so any investor can improve his/her performance 
                                                 





in the (µ, σ)- terms by "selling" skewness and accepting negatively skewed returns for 
which he receives option premium increasing his return. In the contrary, the strategies with 
long puts on assets perform worse, because we pay option premium for positive skewness 
not evaluated with mean and variance312 (see figure 5.21).  
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Figure 5.21: Covered call writing and covered put buying on portfolio313 
 
Even if the standard deviation of the protective put were higher and the mean lower when 
compared with the covered call [i.e. would be inefficient in the (µ, σ)- terms], there would 
be still many investors deciding to apply it since it offers protection for losses and 
exposure to the highest returns.  
The consequence: When alternative investment strategies with non-normally distributed 
returns are evaluated and optimized in portfolio, it is absolutely necessary to take the 
individual preferences of the investor like the expected utility deriving from the asset 
allocation into consideration314. To formulate appropriate strategy in the practice, portfolio 




                                                 
312 Bookstaber/Clarke (1981), p. 63-70, (1984) p. 469-492, (1985) p. 48-62 
313 Bookstaber/Clarke (1984), p. 488 
314 Lhabitant (1998), p. 5-57 
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5.5.2.2  Procedure  
 
First, we have to determine the asset universe. Next, we estimate returns on assets and 
optioned assets, and compute inputs to the portfolio models. Then, the (UPM, LPM)- 
model is applied on portfolios with optioned stocks for four basic investment strategies 
related to the basic types of utility function explained in the chapter 5.2.3.1.1. The results 
are compared with the portfolios optimal in the (µ, LPM)- and (µ, σ)- framework. Finally, 
in the analysis of the optimal asset allocation we compare the efficient frontiers, return 
probability distributions, compositions and ex ante decision parameters of these portfolios.  
We keep the example simple in order to better explain how the (UPM, LPM)- model 
works, and how it differs from the other portfolio models. Nevertheless, the (UPM, LPM)- 
model can be well applied on portfolios with many optioned assets where the keeping track 
of portfolio return distribution is much more difficult.  
 
5.5.2.3  Asset universe 
 
The asset universe comprises twelve assets: the first four are stocks without options (call 
them basic), the second four are protective puts and the third four are written covered calls. 
Protective put consists of long put and one of the basic stocks (underlyings), whereas 
written covered call contains short call and one of the basic stocks. We assume that: 
- investor considers options as an instrument of risk reduction in portfolio, therefore 
only covered options315 are allowed; 
- time to maturity of options equals to investment horizon; 
- type of options is European. 
The basic securities are characterized by the parameters in the table below. 
 
Basic stock 1 2 3 4 
µ 0,185 0,079 0,215 0,175 
σ 0,382 0,230 0,462 0,351 
β 1,400 0,500 1,800 0,800 
 
Table 5.6: Parameters of the basic stocks - underlyings 
 
The characteristics of the option strategies are given in the table 5.7. 
                                                 
315option with underlying security 
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Underlying 1 2 3 4 
S0 100 100 100 100 
Xp 100 100 100 100 
Xc 100 100 100 100 
α 1 1 1 1 
Stdlog 0,56 0,34 0,60 0,46 
op -0,19 -0,11 -0,20 -0,15 
oc 0,26 0,16 0,29 0,21 
prp 20,33 11,74 22,00 16,35 
prc 23,24 14,65 24,91 19,26 
prpp 120,33 111,74 122,00 116,35 
prcc 76,76 85,35 75,09 80,74 
 
Table 5.7: Characteristics of the optioned portfolio 
 
S0 :  price of security in t=0 
Xp :  exercise price of put  
Xc :  exercise price of call  
α  :  hedge ratio 
oc :  exercise return on call  
op :  exercise return on put 
prp :  price of put 
prc :  price of call 
prpp :  price of protected put (security plus long put) 
prcc : price of written covered call (security plus short call) 
Stdlog :  standard deviation of the logarithm of the ratio of the underlying prices St/St-1. 
 
The option premium are computed with the Black-Scholes formula316; we assume the risk-
free interest rate of 3% and time to maturity one year. As assumed in the Black-Scholes 
formula, the standard deviation of the underlying Stdlog was computed from the logarithm 
of the ratio of the underlying prices St/St-1. 
 
                                                 
316 The price of a call option according to Black and Scholes is: 
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5.5.2.4  Estimation of the input parameters 
 
The calculation of the moments of return distribution of portfolio with stocks and options 
is more complex than this of single option or stock. The option returns depend on option’s 
contract design. For instance, if the first option on asset is included to the portfolio, we 
have to estimate whether it ends in or out of money. Then, we have to establish whether 
the second option is in or out of the money given the first option ended in the money, and 
whether it is in or out of the money when the first option ended out of the money. 
Proceeding like this ends in 2^n return combinations for n assets with option. In addition, 
the situation complicates variable fraction of option per underlying asset - hedge ratio α.  
To estimate the input parameters for optioned securities, we run the simulation. According 
to the Black-Scholes – option pricing model used later, we assume that simple returns of 
the underlying securities are normally distributed317 and generate 300 underlying returns at 
the maturity day t using parameters in the table above and correlation of the first four 
assets in the table 5.9. Then, we compute 300 related returns in t=1 for optioned stocks318. 
Returns on written covered calls we obtain as follows: 
 
]or|oαrα)[(1)or|(rr cccc >⋅+⋅−+≤=           (5.68) 
 
The fraction of call written on stock represents α. Its negative value expresses purchasing 
call instead of selling. If we hold stock without option in portfolio, this fraction would be 
zero. In our example we have fully hedged positions, i.e. α=1. The first component of the 
expected return of the strategy stock plus call occurs when at the expiration day the call is 
out of the money, i.e. when the stock price is below the exercise price. Then, the option is 
not exercised, and the optioned stock return r depends only on the stock price and the 













lnr               (5.69) 
                                                 
317Lux (2004), p.24: Black-Scholes assumption:  
-  Consider a stock whose price is S; 
- In a short period of time of length dt the percentage change in the stock price dS/S (simple return) is 
assumed to be normal with mean µdt, and standard deviation σ dt ;  
- µ is expected return and σ is volatility. 
These assumption imply that the stock price S at any future time has a lognormal distribution. 
318  Rudolf (1994), p. 173-174 
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If the call is in the money, we have to deliver underlying stock at the exercise price. So, we 
obtain exercise return on call co  which is defined as logarithm of the ratio of the exercise 















ln               (5.70) 
 
We obtain the exercise return on call co  only for the covered part of stock, i.e. the fraction 
α. The fraction 1- α has a full exposure towards the stock.  
Similarly, for the strategies with the stocks hedged by λ-fraction of the protective put in the 
state t=1 )r( p  the following is valid: 
 
]or|oλrλ)[(1)or|(rr pppp ≤⋅+⋅−+>=           (5.71) 
 
When at the expiration day the stock price is below the exercise price, we can sell the stock 
at the exercise price. The exercise return po  we obtain as a logarithm of the ratio of 
exercise price and initially invested amount (initial stock price 0S  plus paid put option 


















ln               (5.72) 
 
The negative λ would mean selling put instead of purchasing. When at the expiration day 
the stock price is above the exercise price, we do not exercise put, and the optioned stock 


















Having time series for returns of underlying stocks, written covered calls and protective 
puts, the statistical characteristics of the assets and input parameters necessary for the 
optimization can be computed (table 5.8 and 5.9). 
 
Asset µ σ Shortfall σ Skewness Kurtosis 
1 0,185 0,382 0,187 0,166 0,881 
2 0,079 0,230 0,133 -0,060 -0,166 
3 0,215 0,462 0,210 0,380 0,080 
4 0,175 0,351 0,160 0,413 0,920 
5 0,179 0,195 0,132 -2,937 9,452 
6 0,095 0,115 0,081 -2,916 11,338 
7 0,179 0,217 0,139 -2,050 2,963 
8 0,146 0,160 0,111 -3,074 10,361 
9 0,052 0,241 0,128 1,372 2,304 
10 0,022 0,147 0,096 0,913 -0,338 
11 0,065 0,296 0,135 1,294 1,200 
12 0,059 0,239 0,109 1,518 2,084 
 
Table 5.8: Input parameters for the optimization 
 
Asset 1 2 3 4 5 6 7 8 9 10 11 12 
1 1,00 0,57 0,73 0,46 0,72 0,50 0,52 0,32 0,93 0,49 0,69 0,42 
2 0,57 1,00 0,59 0,28 0,51 0,78 0,50 0,26 0,48 0,93 0,52 0,22 
3 0,73 0,59 1,00 0,51 0,49 0,51 0,71 0,35 0,70 0,51 0,95 0,48 
4 0,46 0,28 0,51 1,00 0,41 0,27 0,31 0,68 0,39 0,22 0,51 0,94 
5 0,72 0,51 0,49 0,41 1,00 0,65 0,61 0,55 0,42 0,32 0,34 0,26 
6 0,50 0,78 0,51 0,27 0,65 1,00 0,56 0,27 0,32 0,49 0,39 0,21 
7 0,52 0,50 0,71 0,31 0,61 0,56 1,00 0,31 0,37 0,36 0,45 0,24 
8 0,32 0,26 0,35 0,68 0,55 0,27 0,31 1,00 0,13 0,20 0,30 0,38 
9 0,93 0,48 0,70 0,39 0,42 0,32 0,37 0,13 1,00 0,48 0,72 0,42 
10 0,49 0,93 0,51 0,22 0,32 0,49 0,36 0,20 0,48 1,00 0,49 0,19 
11 0,69 0,52 0,95 0,51 0,34 0,39 0,45 0,30 0,72 0,49 1,00 0,50 
12 0,42 0,22 0,48 0,94 0,26 0,21 0,24 0,38 0,42 0,19 0,50 1,00 
 
Table 5.9: Correlation  
 
The return probability distributions of the basic stocks and options with stock in our 
example are given in the figures 5.22-5.25. As discussed above, option implemented in 
portfolio considerably modify return probability distributions of underlying. By written 
covered call we observe the truncation of the desirable right-hand tail of distribution 
caused by calling stock away if it rises above the exercise price, and maintaining the 
shortfall part of distribution. The high negative skewness reflects this pattern. Additionally, 
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distribution shifts rightward as we obtained the premium value which reduced the initial 
investment base required to purchase the stocks.   
Buying protective put maintains the desirable right-hand tail of distribution, and truncates 
the undesirable left-hand side since the put options offset the decline in the stock price. 
This truncation causes high positive skewness. For this insurance we pay option premium 
what in turn increases the initial investment and the distribution shifts to the left. This 
explains why the means of protective puts in the example are lower than by the other 
positions. However, protective puts have the lowest shortfall standard deviations (with 
exception of the second one). Due to the truncation of distributions, the standard deviations 















Figure 5.22: Return distribution of covered call (c1), protective put (p1) and basic stock – 











































Figure 5.23: Return distribution of covered call (c2), protective put (p2) and basic stock – 















Figure 5.24: Return distribution of covered call (c3), protective put (p3) and basic stock – 
























































Figure 5.25: Return distribution of covered call (c4), protective put (p4) and basic stock – 
underlying (s4) in the dependency on underlying price on maturity day 
 
5.5.2.5  Optimization  
 
The optimal portfolios are computed applying the (UPM, LPM)-, (µ, LPM)-, (µ, σ)- 
optimization algorithms319.  
An expected utility function gives us information about desirability of certain returns for 
us. For example, if we perceive low (high) returns as especially undesirable (desirable), our 
expected utility of such returns would be very low (high). The portfolio return distribution 
with maximal expected utility reflects this fact: its probability and extent of low (high) 
returns will be low (high).   
A portfolio model provide us with decision rules and criteria applying them should 
maximize the expected utility. Then, return distribution of portfolio which is optimal in a 
given model has to be congruent with the return distribution of portfolio with maximal 
expected utility. 
Two objectives, value maximization and risk minimization, can be combined in a portfolio 
model using a utility function. Then, portfolio’s expected utility can be interpreted as a 
risk-adjusted expected return since it is computed by the subtracting a risk penalty from an 
                                                 






















expected value. Thus, a standard portfolio of n assets with maximal expected utility is 
computed for a general expected utility function EU(r)=g(r)-h·f(r) as320: 
 
Max EU(r)=g(r)-h·f(r)             (5.74) 






ni0x1 i ∈∀≥≥  
 
where g(r) is a function of portfolio expected value, and f(r) a function of portfolio 
expected risk. The h is a marginal rate of substitution of the expected value for the 
expected risk321.  
If the expected utility function is inherent in the portfolio model, the portfolios with the 
highest expected utility are congruent with the portfolios obtained applying the portfolio 
model (by the same level of risk).  
 
5.5.2.6  Investment strategies  
 
Four basic investment strategies related to the basic types of investor behavior are utilized: 
shortfall risk aversion and chance potential seeking, shortfall risk aversion and chance 
potential aversion, shortfall risk seeking and chance potential aversion and shortfall risk 
seeking and chance potential seeking. They reflex a concave, convex utility function and 
combinations of them.  
The insight into the models’ specifications are obtained by the comparison of the efficient 
frontiers, return distributions, compositions and ex ante risk and value decision parameters 
of the same portfolio types obtained by the (UPM, LPM)-, (µ, LPM)-, (µ, σ)- optimization. 






                                                 
320 Markowitz (1952), p. 286 
321 In the previous section, we use two parameter h1, h2. or α, β. Here, the equation is divided by the h1, so 











1 Chance potential seeking 
Shortfall risk aversion 
Concave Convex                U(r)   
                                              
                                           r 
2 Chance potential aversion
Shortfall risk aversion 
Concave Concave                U(r)   
                                              
                                           r 
3 Chance potential aversion
Shortfall risk seeking 
Convex Concave                       U(r)  
                                               
                                            r 
4 Chance potential seeking 
Shortfall risk seeking 
Convex Convex                        U(r)  
               
                                               
                                           r 
 
Table 5.10: Four basic investment strategies used in the example 
 
5.5.2.6.1  Investment strategy of the shortfall risk aversion and chance potential 
seeking  
 
The most commonly, banks have to meet the demand of their customers to participate in 
the increasing markets without taking high risk. So, the investors require to reduce the 
shortfall returns, and to preserve as much of the upside returns as economically feasible. 
Now, we assume such investor. Thus, he dislikes exposure to low returns, and likes 
exposure to high returns. This implies risk aversion below the target return and return 
potential seeking above the target. The utility function expressing such preferences has a 
form of reverse S: by low returns concave, by high convex.  
In the utility functions where return deviations from a reference point are evaluated by the 
exponent, the risk aversion expresses the exponent a>1, and the chance potential seeking 
c>1. We assume that the degree of risk aversion was identified as a=2, and the degree of 
potential seeking as c=3322. The minimal aspiration return is set equal to the risk-free return 
of 3%. Then, the utility function U(r) is given by: 
 
U(r)=(r-0,03)3 ,    for all r ≥ 0,03 and            (5.75) 
U(r)=-h·(0,03-r)2,  for all r ≤ 0,03 or 
                                                 
322 See method for estimation of the degree of risk aversion and potential seeking. 
 
243 

















Figure 5.26: Utility function of the shortfall risk averse and potential seeking investment 
strategy 
 
The relevant UPM and LPM measures can be defined as UPM3,3 and LPM2,3. Now, the first 





The efficient frontier of portfolios with maximal expected utility is obtained by varying the 
slope, h-parameter, by the maximization of the EU(r). From the efficient portfolios we 
choose tangential portfolio and five portfolios with a given levels of shortfall risk which 
are chosen randomly (table 5.11). 
 
Portfolio type 1 2 3 4 5 
LPM (a=2, τ=0,03) 0,058 0,062 0,077 0,093 0,126 
 




By the computation of the efficient frontiers with the (UPM3,3, LPM2,3)-, (µ,LPM2,3)- 
portfolio models we maximize the portfolio value for these given levels of the shortfall 
risk. To obtain the efficient frontier of the (µ, σ)- model, we maximize the expected return 
for variable levels of the variance, and from the obtained efficient portfolios we choose 
these with the predetermined levels of shortfall risk. In this way, we can compare 
portfolios of all models. We compute also the tangential portfolios, portfolios with minimal 
risk and maximal value.  
By the comparison of the efficient frontiers with the frontier of portfolios with maximal 
expected utility we state that only the (UPM3,3, LPM2,3)- portfolio model provides the same 
efficient portfolios (figure below). It is not surprising since the assumed utility function is 
inherent in the (UPM3,3, LPM2,3)- model. The other efficient frontiers are considerably 
different, so they would not be good approximation of maximal utility323. If the differences 
were slight, at least for the practical purposes the approximation would be acceptable. The 
(µ, σ)- efficient frontier is only partially concave in the (UPM3,3, LPM2,3)- framework. 
Depicting efficient frontiers in the (µ, σ)- coordinate system, we see that the (µ,LPM2,3)-
and (UPM3,3, LPM2,3)- optimized portfolios are shifted to the right, so we can expect for 
them by the same level of portfolio return higher standard deviation. The (UPM3,3, 















                                                 
323When we ex ante evaluate and depict the efficient frontiers, this one will perform best which decision 
















Figure 5.27: (UPM3,3, LPM2,3)-, (µ,LPM2,3)-, (µ, σ)- and (UPM0,5;3, LPM2,3)- efficient 















Figure 5.28: (UPM3,3, LPM2,3)-, (µ,LPM2,3)-, (µ, σ)- and (UPM0,5;3, LPM2,3)- efficient 






Probability distributions of the optimal portfolios 
 
The return probability distributions of all portfolio types with maximal expected utility 
show truncated exposure to low returns, and increased exposure to high returns above the 















Figure 5.29: Return probability distributions of portfolios with maximal expected utility in 
the investment strategy of the shortfall risk aversion and chance potential seeking  
 
We compute the return probability distributions of the (µ, σ)-, (µ, LPM2,3)-, (UPM3,3, 
LPM2,3)- efficient portfolios with the predetermined levels of shortfall risk, and compare 
them always for the same level of shortfall risk (figure 5.30-5.35).  
Not surprisingly, only return distributions of the (UPM3,3, LPM2,3)- optimal portfolios 
correspond with the return distributions of the portfolios with maximal expected utility. 
The return distributions of portfolios optimized with the other models differ considerably 
since the probability of the highest returns is much greater by the (UPM3,3, LPM2,3)- 
optimal portfolios. This modification of the return probability distribution corresponds 
with assumed investor’s preferences: increased exposure to the highest returns and 
insurance against shortfall. The increase of the probability of the highest returns is 
achieved by the optimization with UPM3,3 as with the evaluating exponent c higher than 
one high upside deviations are relatively more preferable than lower upside deviations. The 
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truncated probability on the downside in the (UPM3,3, LPM2,3)- and (µ, LPM2,3)- optimized 
portfolios causes the penalizing exponent a=2 in LPM which makes large downside 
deviations relatively less desirable than lower downside deviations. The increased 
exposure to the highest returns makes the return distribution of the (UPM3,3, LPM2,3)- 
portfolios wider which in turn increases the standard deviation and shifts the efficient 
frontier of these portfolios to the right in the (µ,σ)-coordinate system.  
The truncated upside potential of the (µ, σ)- portfolios reflects the penalization of both - 
upside and downside - return deviations from the mean by the minimization of the standard 
deviation. 
The high returns are more (or equally) probable by the (µ, LPM2,3)- optimized portfolios 
than by the (µ, σ)- portfolios, because the former does not penalize the upside return 
deviations. As this model assumes neutrality of preferences above the target, its portfolios 
cannot sufficiently express investor’s wish to take bets on high returns, so the occurrence 















Figure 5.30: Return distribution of the portfolio type 1 in the investment strategy of the 



















Figure 5.31: Return distribution of the portfolio type 2 in the investment strategy of the 















Figure 5.32: Return distribution of the portfolio type 3 in the investment strategy of the 




















Figure 5.33: Return distribution of the portfolio type 4 in the investment strategy of the 





















Figure 5.34: Return distribution of the portfolio type 5 in the investment strategy of the 




















Figure 5.35: Return distribution of the tangential portfolio type in the investment strategy 
of the shortfall risk aversion and chance potential seeking 
 
Composition of the optimal portfolios 
 
The (µ, σ)- optimized portfolios contain almost only covered calls; the exception is the fifth 
portfolio type containing 26% of basic securities, and the first type with 9% and the second 
type with 16% of protective put (table 5.12). The preference for covered calls which reduce 
high returns reflects the assumed potential aversion in this model. Additionally, as the 
variance does not capture skewness of the optioned assets, the investor can improve his/her 
performance in the (µ, σ)- terms by accepting negatively skewed returns for which he/she 
receives an option premium. Taking look on the skewness of the (µ, σ)- optimal portfolios 
in the table 5.13 reveals that it is extremely negative. This confirms that the reduction in 
the variance caused by covered call occurs in the desirable upper part of distribution. Any 
or very low proportion of the puts in the (µ, σ)- portfolios confirm the fact that the 
strategies with long puts on stocks perform worse in the (µ, σ)- framework, because we 
have to pay option premium for positive skewness which is not evaluated by the mean and 
variance.  
The (UPM3,3, LPM2,3)- portfolios contain almost equal part of protective puts and covered 
calls. As we assume the seeking of the chance of high returns, the increased allocation of 
the protective put is appropriate here, because it increases the probability of the highest 
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returns. At the same time, it corresponds with the assumed risk aversion in the downside 
part of the return distribution since it decreases the probability of the worst returns.  
In the (µ, LPM2,3)- optimization, the neutrality of preferences in the upper part of return 
distribution increases slightly the proportion of protective put.  
 
Portfolio type  S1 S2 S3 S4 CC1 CC2 CC3 CC4 PP1 PP2 PP3 PP4 
1.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,000 0,599 0,000 0,314 0,009 0,067 0,000 0,010
(µ, LPM2,3) 0,000 0,000 0,000 0,000 0,000 0,330 0,163 0,352 0,096 0,000 0,000 0,059
(UPM3,3, LPM2,3) 0,000 0,000 0,067 0,000 0,000 0,265 0,000 0,228 0,155 0,090 0,000 0,194
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,000 0,520 0,060 0,348 0,073 0,000 0,000 0,000
2.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,000 0,566 0,000 0,277 0,005 0,129 0,000 0,023
(µ, LPM2,3) 0,000 0,000 0,000 0,000 0,014 0,284 0,216 0,381 0,065 0,000 0,000 0,017
(UPM3,3, LPM2,3) 0,000 0,000 0,107 0,000 0,000 0,236 0,000 0,228 0,159 0,073 0,000 0,197
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,000 0,530 0,097 0,374 0,000 0,000 0,000 0,000
3.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,102 0,276 0,195 0,427 0,000 0,000 0,000 0,000
(µ, LPM2,3) 0,000 0,000 0,000 0,000 0,104 0,179 0,279 0,389 0,009 0,000 0,000 0,040
(UPM3,3, LPM2,3) 0,000 0,000 0,078 0,249 0,000 0,281 0,000 0,000 0,139 0,140 0,000 0,113
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,041 0,229 0,250 0,481 0,000 0,000 0,000 0,000
4.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,262 0,000 0,286 0,452 0,000 0,000 0,000 0,000
(µ, LPM2,3) 0,000 0,000 0,000 0,040 0,220 0,001 0,364 0,376 0,000 0,000 0,000 0,000
(UPM3,3, LPM2,3) 0,000 0,000 0,176 0,323 0,000 0,184 0,000 0,000 0,165 0,097 0,000 0,055
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,261 0,000 0,351 0,388 0,000 0,000 0,000 0,000
5.type                         
(µ, σ) 0,000 0,000 0,260 0,000 0,673 0,000 0,067 0,000 0,000 0,000 0,000 0,000
(µ, LPM2,3) 0,000 0,000 0,351 0,220 0,430 0,000 0,000 0,000 0,000 0,000 0,000 0,000
(UPM3,3, LPM2,3) 0,000 0,000 0,359 0,436 0,000 0,000 0,000 0,000 0,194 0,010 0,000 0,000
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,912 0,000 0,088 0,000 0,000 0,000 0,000 0,000
Tangential                         
(µ, σ) 0,000 0,000 0,000 0,000 0,194 0,118 0,247 0,441 0,000 0,000 0,000 0,000
(µ, LPM2,3) 0,000 0,000 0,000 0,000 0,073 0,199 0,259 0,399 0,059 0,000 0,000 0,011
(UPM3,3, LPM2,3) 0,000 0,000 0,153 0,306 0,000 0,207 0,000 0,000 0,159 0,107 0,000 0,069
(UPM0,5;3,LPM2,3) 0,000 0,000 0,000 0,000 0,209 0,000 0,345 0,446 0,000 0,000 0,000 0,000
 
Table 5.12: Composition of the (UPM0,5;3,LPM2;3.)-, (µ,LPM2;3)-, (µ,σ)- and 








Ex ante risk and value measures of the optimal portfolios 
 
The ex ante value and risk measures, skewness and kurtosis of the portfolio types for all 
portfolio models are summarized in the table 5.13.  
The (µ, σ)- efficient frontier has already revealed that the standard deviations of its 
portfolios is lower than by the other frontiers. It is caused by the minimization of the 
standard deviation in the (µ, σ)- model.  
The portfolios of the same type have the same expected shortfall risk as given by the 
optimization.  
Recall that in the relation to the target which has to be achieved, the expected return is 
inconsistent measure of the value as the risky returns below the target go also in the 
portfolio value. So, we compute the expected return above the target additionally. The 
highest expected returns above the target are achieved by the (UPM3,3, LPM2,3)- efficient 
portfolios. Also the expected returns for below-the target-returns are much better by these 
portfolios than by the other ones. 
Although in both parts of return distributions the (UPM3,3, LPM2,3)- portfolios have the 
best expected returns, the expected returns of the entire return distributions are slightly 
worse. It is caused by a more often occurrence of the shortfall, and thus higher weight of 
the below-the target-expected return in the expected return of the entire distributions. This 
may be explained as a price for the increased exposure to high returns and lower to low 
returns. By the other portfolio models the expected returns differ less.  
Only the skewness of the (UPM3,3, LPM2,3)- optimized portfolios is positive. This confirms 
again that when losses occur, they are smaller and when gains occur, they are larger than 
by the other portfolios. For the other portfolios with the negative skewness the opposite is 
true. The most commonly, positively skewed return distribution is preferred by investors. 
The kurtosis measures the degree of fat tailness of return distribution. The risk-averse 
investor prefers distributions with low kurtosis. The kurtosis lower than one can be found 
only by the (UPM3,3, LPM2,3)- optimized portfolios. By the other portfolios, high kurtosis 
occurs together with high negative skewness what signalises fat tailness mostly on the left 







Portfolio type  1 2 3 4 5 tang 
(µ, σ)             
Exp.return above 0,03 0,113 0,105 0,152 0,188 0,243 0,174 
Exp.return below 0,03 0,101 0,104 0,138 0,151 0,229 0,138 
Exp.return 0,098 0,105 0,141 0,164 0,188 0,154 
St. deviation 0,100 0,101 0,124 0,148 0,226 0,137 
LPM (a=2) 0,058 0,062 0,077 0,093 0,126 0,084 
UPM (c=3) 0,123 0,122 0,162 0,189 0,300 0,177 
UPM (c=0,5) 0,039 0,048 0,081 0,124 0,112 0,097 
Skewness -2,285 -2,037 -2,497 -2,509 -1,491 -2,517 
Kurtosis 6,941 5,759 7,057 6,832 3,293 6,970 
(µ, LPM2,3)             
Exp.return above 0,03 0,127 0,138 0,162 0,197 0,270 0,155 
Exp.return below 0,03 0,110 0,117 0,132 0,141 0,186 0,128 
Exp.return 
0,119 0,129 0,145 0,166 0,190 0,140 
St. deviation 0,115 0,119 0,131 0,154 0,263 0,127 
LPM (a=2) 0,062 0,067 0,077 0,093 0,126 0,074 
UPM (c=3) 0,156 0,157 0,173 0,199 0,365 0,169 
UPM (c=0,5) 0,046 0,054 0,078 0,110 0,096 0,070 
Skewness -1,805 -2,118 -2,283 -2,298 -0,426 -2,218 
Kurtosis 4,378 5,259 5,759 5,616 0,750 5,556 
(UPM3,3, LPM2,3)             
Exp.return above 0,03 0,132 0,150 0,164 0,214 0,299 0,197 
Exp.return below 0,03 0,074 0,077 0,107 0,120 0,165 0,122 
Exp.return 0,094 0,100 0,104 0,126 0,164 0,120 
St. deviation 0,135 0,148 0,178 0,222 0,307 0,211 
LPM (a=2) 0,062 0,067 0,077 0,093 0,126 0,089 
UPM (c=3) 0,197 0,219 0,262 0,320 0,417 0,306 
UPM (c=0,5) 0,020 0,021 0,021 0,029 0,054 0,027 
Skewness 0,038 0,151 0,445 0,479 0,515 0,473 
Kurtosis 0,754 0,583 0,587 0,339 0,156 0,382 
(UPM0,5;3, LPM2,3)             
Exp.return above 0,03 0,119 0,124 0,156 0,196 0,215 0,193 
Exp.return below 0,03 0,103 0,141 0,144 0,136 0,257 0,135 
Exp.return 0,114 0,122 0,144 0,164 0,179 0,166 
St. deviation 0,106 0,108 0,127 0,149 0,188 0,151 
LPM (a=2) 0,062 0,067 0,077 0,091 0,126 0,093 
UPM (c=3) 0,137 0,138 0,165 0,190 0,213 0,193 
UPM (c=0,5) 0,052 0,065 0,084 0,112 0,150 0,114 
Skewness -2,221 -2,457 -2,403 -2,419 -2,895 -2,417 
Kurtosis 6,631 7,493 6,304 6,187 9,271 6,235 
 
Table 5.13: Ex ante risk and value measures of the (UPM0,5;3,LPM2;3.)-, (µ,LPM2;3)-, (µ,σ)- 




5.5.2.6.2  Investment strategy of the shortfall risk aversion and chance potential 
aversion  
 
The investors differ in their preferences, so it is possible that some of them are risk averse 
and also potential averse. Such a preference corresponds with the conservative investment 
strategies. This strategy tries to concentrate returns towards some reference point. The 
implied utility function is concave as assumed in the classical theory of expected utility.  
In the following example, we assume that the degree of potential aversion was identified 
c=0,5, and the degree of risk aversion remains the same as in the first investment strategy 
a=2. The minimal aspiration return is set equal to the risk-free return of 3%, again. Assume 
the following utility function: 
 















Figure 5.36: Utility function of the shortfall risk averse and chance potential averse 
behavior 
 
The general UPM and LPM measures we define as UPM0,5;3 and LPM2,3. Now, the first 
part of the equation of the expected utility corresponds with the applied UPM, the second 





The efficient frontier of portfolios with maximal expected utility is obtained as in the first 
case by varying the slope of the EU(r). From the efficient portfolios we choose five with 
the same given level of the shortfall risk as in the first investment strategy and the 
tangential portfolio.  
Changed investor’s preferences could not be reflected with the (µ, σ)- and (µ, LPM2,3)- 
model, so their efficient frontiers remain the same.  
The (UPM0,5;3 LPM2,3)- portfolio model provides the same efficient portfolios as the 
maximized expected utility since the assumed utility function is inherent in this model. 
Nevertheless, the (µ, σ)- and (µ, LPM2,3)- efficient frontiers differ only slightly in the first 
half (figure 5.37). Also in the (µ, σ)- coordinate system the efficient frontiers are very 
similar (figure 5.28). The (UPM0,5;3 LPM2,3)- optimized portfolios match more with the 
(µ,σ)- than (µ, LPM2,3)- optimized portfolios. The approximation of the (µ, σ)- model with 
the (UPM0,5;3 LPM2,3)- model may be taken in the consideration, but not the approximation 
of the (UPM0,5;3 LPM2,3)- model with the (µ, σ)- model. 
The (UPM3;3 LPM2,3)- efficient frontier differ totally from the other efficient frontiers in 














Figure 5.37: (UPM0,5;3, LPM2,3)-, (µ, σ)-, (µ, LPM2,3)- and (UPM3;3, LPM2,3)- efficient 




Probability distributions of the optimal portfolios 
 
The return distributions of all portfolios with maximal expected utility show truncated 
exposure to low and high return which corresponds with the assumed preferences of the 















Figure 5.38: Return probability distribution of the portfolios with maximal expected utility 
in the investment strategy of shortfall risk aversion and chance potential aversion 
 
The return distributions of the (UPM0,5;3, LPM2,3.)- optimal portfolios agree with these of 
the portfolios with maximal expected utility. The return distributions of portfolios 
optimized with the other models are very similar for smaller predetermined shortfall risk 
(figures 5.39-5.44). By greater accepted risk, as by the fifth portfolio type, the differences 
are striking. Only the distribution of the (UPM0,5;3, LPM2,3.)- optimized portfolios 
corresponds with the investor’s preference: concentration of returns towards the reference 
point rather than taking bets on high returns. The decrease in the probability of the highest 
returns in comparison with the (µ, LPM2,3)- and (µ, σ)- portfolios causes the evaluating 
exponent c in UPM which is lower than one, and therefore makes high upside return 
deviations relatively less preferable than the lower return deviations. Again, the truncated 
probability on the downside in the (UPM0,5;3, LPM2,3.)- and (µ, LPM2,3)- portfolios causes 
the penalizing exponent a=2 in LPM. The risk and chance potential aversion makes the 
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return distributions narrow. This decreases the standard deviation, and makes the 
(UPM0,5;3, LPM2,3.)- and (µ, σ)- efficient frontier so similar. Due to assumed chance 
potential neutrality, high returns are slightly more frequented in some (µ,LPM2,3)- 















Figure 5.39: Return distribution of the portfolio type 1 in the investment strategy of the 































Figure 5.40: Return distribution of the portfolio type 2 in the investment strategy of the 















Figure 5.41: Return distribution of the portfolio type 3 in the investment strategy of the 


















Figure 5.42: Return distribution of the portfolio type 4 in the investment strategy of the 















Figure 5.43: Return distribution of the portfolio type 5 in the investment strategy of the 



















Figure 5.44: Return distribution of the tangential portfolio in the investment strategy of the 
shortfall risk aversion and chance potential aversion 
 
Composition of the optimal portfolios 
 
The (UPM0,5;3, LPM2,3.)- portfolios contain solely written covered calls. As we assume 
aversion to taking bets on high returns, this is the appropriate composition (table 5.12). 
Written covered calls decrease the probability of the highest returns and accumulate it by 
the lower returns. The exception is the first type of the (UPM0,5;3, LPM2,3.)- portfolio which 
contains slightly more protective put because of low predetermined shortfall risk. The wish 
of conservative investment strategy above the target is noticeable not respected with the 
(µ,LPM2,3)- and (µ, σ)- optimization of the fifth portfolio type, as more than 50%, resp. 
25% is invested in the stocks.  
 
Ex ante risk and value measures of the optimal portfolios 
 
Ex ante value and risk measures, skewness and kurtosis for all portfolio types of the 
(UPM0,5;3, LPM2,3.)- model are summarized in the table 5.13. The (UPM0,5;3, LPM2,3.)- 
portfolios are characterized by the lowest expected returns above the target, by very high 
negative skewness, high positive kurtosis. The standard deviations of the 
(UPM0,5;3,LPM2,3.)- portfolios are only slightly greater than the standard deviations of the 
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(µ, σ)- portfolios. This is caused by the assumption of the chance potential and shortfall 
risk aversion in the (UPM0,5;3, LPM2,3.)- optimization as well as in the (µ, σ)- optimization.  
 
5.5.2.6.3  Investment strategy of the shortfall risk seeking and chance potential 
aversion 
 
If investor’s main concern is not to fall short but without particular regard of the amount, 
and he/she wishes to exceed the target return also without particular regard of the amount, 
then the appropriate utility function is risk seeking below the target, and the chance 
potential aversion above the target. Such preferences are not unusual as confirmed by 
many experimental studies324. They corresponds with the utility function of the prospect 
theory325 in the behavioral finance. They indicates investor’s tendency to make risk averse 
choices in gains and risk seeking choices in losses. Such investor is risk averse for small 
losses but will take on investments with a small chance of very large losses.  
Assume the degree of the risk seeking to be slightly below risk neutrality a=0,9, as this is 
the most often finding in the Swalm’s experimental study. The degree of potential aversion 
is c=0,5, and the minimal aspiration return remains 3 %. This implies the utility function:  
 
U(r) = max[(r-0,03);0] 0,5 -h·max[(0,03-r);0] 0,9          (5.77) 
 
                                                 
324 Swalm (1966), p.123-36: “The predominant pattern below τ=0 is a slight amount of convexity, so that 
0<a<1 for most of the curves.”  
























From the portfolios with maximal expected utility we choose five with the levels of 
shortfall risk given in the table 5.14 and the tangential portfolio.  
 
Portfolio 1 2 3 4 5 
LPM (a=0,9, τ=0,03) 0,0058 0,0060 0,0070 0,0126 0,0235 
 
Table 5.14: Given levels of the shortfall risk  
 
We have to compute new (UPM0,5;3, LPM0,9;3)- and (µ, LPM0,9;3)- efficient frontiers (figure 
5.46, 5.47). The (µ,σ)- efficient frontier remains unchanged. As by the previous investment 
strategies the portfolios with maximized expected utility equals the (UPM0,5;3, LPM0,9;3)- 
efficient portfolios. The other efficient frontiers differ significantly, above all for high 
values of shortfall risk, so the approximation of the (UPM0,5;3, LPM0,9;3)- portfolios with 
the other is not recommended. These differences disappear partially in the depiction of the 
efficient frontiers in the (µ, σ)- coordinate system. The tangential portfolios of the 
(UPM0,5;3, LPM0,9;3)- and (µ, LPM0,9;3)- model are similaer, because both efficient frontiers 
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are shifted very close to the risk-free asset, so the tangents from the risk-free return to the 















Figure 5.46: (UPM0,5;3, LPM0,9,3)-, (µ, LPM0,9;3)- and (µ, σ)- and (UPM3;3, LPM0,9;3)- 

















Figure 5.47: (UPM0,5;3, LPM0,9;3)-, (µ, LPM0,9;3)-, (µ, σ)- and (UPM3;3, LPM0,9;3.)- efficient 
frontiers in the (µ, σ)- framework 
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Probability distributions of the optimal portfolios 
 
In the return distributions of all (UPM0,5;3, LPM0,9;3)- portfolio types with maximal 
expected utility can be observed that the frequency of returns below the target increases 
when compared with the previous investment strategies what corresponds with risk seeking 
behavior in this part of distribution (figure below). On the other hand, the probability of the 















Figure 5.48: Return probability distribution of portfolios with maximal expected utility in 
the investment strategy of the chance potential aversion and shortfall risk seeking 
 
From the portfolios on the (µ, σ)- efficient frontiers we have to choose these with new 
predetermined levels of the shortfall risks. Then, we can compare return distributions of 
the (µ, σ)-, (UPM0,5;3, LPM0,9;3)- and (µ, LPM0,9;3)- portfolios with the same shortfall level 
(figures 5.49-5.54)326. 
We see that the probability of high returns by the (UPM0,5;3, LPM0,9;3)- portfolios is more 
truncated than by the (µ, LPM0,9;3)- and (µ, σ)- portfolios. The decrease in the probability 
of the highest returns in the (UPM0,5;3,LPM0,9;3)- portfolios causes the exponent c lower 
than one by which the higher upside return deviations from the target are relatively less 
                                                 
326 For the first given level of the shortfall risk the (µ, σ)- efficient portfolio is not defined.  
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preferable than the lower upside return deviations. The (µ, LPM0,9;3)- optimized portfolios 
differ considerably in the upper part of distributions327, because this model does not 
assume chance potential aversion but neutrality. So, these portfolios do not sufficiently 
express investor’s wish not to take bets on high returns. 
The return distributions of all portfolios have longer left- than right-hand-side tail. In the 
(µ, σ)- portfolios, it indicates that the drop in the standard deviation occurs in the upper part 
of distribution. In the (UPM0,5;3, LPM0,9;3)- and (µ, LPM0,9;3)- optimized portfolios, it 
causes the exponent c lower than one as well as the penalizing exponent a lower than one 
















Figure 5.49: Return distribution of the portfolio type 1 in the investment strategy of the 







                                                 
















Figure 5.50: Return distribution of the portfolio type 2 in the investment strategy of the 
















Figure 5.51: Return distribution of the portfolio type 3 in the investment strategy of the 


















Figure 5.52: Return distribution of the portfolio type 4 in the investment strategy of the 
















Figure 5.53: Return distribution of the portfolio type 5 in the investment strategy of the 


















Figure 5.54: Return distribution of the tangential portfolio in the investment strategy of the 
chance potential aversion and shortfall risk seeking 
 
Composition of the optimal portfolios 
 
The (UPM0,5;3, LPM0,9;3)- optimized portfolios contain much more written covered calls 
and less protective puts than the (µ, LPM0,9;3)- optimized portfolios. As we assume the 
conservative strategy in the upside part and the aggressive strategy in the upside part of 
return distribution, almost no investment in protective puts in the (UPM0,5;3, LPM0,9;3)- 
portfolios is appropriate, because they make the highest returns more probable and the 
lowest less probable than written covered calls. The most striking difference in the 
















Portfolio type  S1 S2 S3 S4 CC1 CC2 CC3 CC4 PP1 PP2 PP3 PP4
1.type              
(µ, σ) 0,000 0,000 0,000 0,000 0,000 0,599 0,000 0,314 0,009 0,067 0,000 0,010
(µ, LPM0,9;3) 0,000 0,000 0,000 0,056 0,137 0,177 0,251 0,300 0,078 0,000 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,080 0,281 0,224 0,397 0,018 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,000 0,000 0,153 0,000 0,000 0,257 0,020 0,398 0,172 0,000 0,000 0,000
2.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,000 0,566 0,000 0,277 0,005 0,129 0,000 0,023
(µ, LPM0,9;3) 0,000 0,000 0,000 0,061 0,145 0,173 0,254 0,292 0,074 0,000 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,086 0,278 0,226 0,396 0,013 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,000 0,000 0,162 0,000 0,000 0,256 0,014 0,399 0,170 0,000 0,000 0,000
3.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,102 0,276 0,195 0,427 0,000 0,000 0,000 0,000
(µ, LPM0,9;3) 0,000 0,000 0,004 0,075 0,163 0,163 0,257 0,274 0,065 0,000 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,101 0,272 0,233 0,394 0,001 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,000 0,000 0,183 0,000 0,000 0,251 0,000 0,400 0,167 0,000 0,000 0,000
4.type                         
(µ, σ) 0,000 0,000 0,000 0,000 0,262 0,000 0,286 0,452 0,000 0,000 0,000 0,000
(µ, LPM0,9;3) 0,000 0,000 0,098 0,152 0,307 0,064 0,218 0,162 0,000 0,000 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,284 0,007 0,310 0,399 0,000 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,003 0,000 0,294 0,125 0,000 0,195 0,000 0,267 0,115 0,000 0,000 0,000
5.type                         
(µ, σ) 0,000 0,000 0,260 0,000 0,673 0,000 0,067 0,000 0,000 0,000 0,000 0,000
(µ, LPM0,9;3) 0,000 0,000 0,381 0,172 0,447 0,000 0,000 0,000 0,000 0,000 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,837 0,000 0,163 0,000 0,000 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,092 0,000 0,383 0,270 0,000 0,134 0,000 0,099 0,022 0,000 0,000 0,000
Tangential                         
(µ, σ) 0,000 0,000 0,000 0,000 0,194 0,118 0,247 0,441 0,000 0,000 0,000 0,000
(µ, LPM0,9;3) 0,000 0,000 0,000 0,000 0,000 0,290 0,147 0,382 0,148 0,034 0,000 0,000
(UPM0,5;3,LPM0,9;3)0,000 0,000 0,000 0,000 0,000 0,320 0,156 0,394 0,130 0,000 0,000 0,000
(UPM3;3,LPM0,9;3) 0,000 0,000 0,000 0,000 0,000 0,283 0,134 0,376 0,167 0,040 0,000 0,000
 
Table 5.15: Composition of the (UPM0,5;3,LPM0,9;3.)-, (µ,LPM0,9;3)-, (µ,σ)- and 








Ex ante risk and value measures of the optimal portfolios 
 
The efficient frontiers and return distributions are reflected in the ex ante value and risk 
measures, skewness and kurtosis given in the table 5.16.  
The same portfolio types have equal shortfall risk LPM0,9;3. In addition, we compute the 
expected returns for below-the target-part of distributions. The lowest losses achieve the 
(µ,σ)- optimized portfolios since only by them the risk aversion is assumed. The expected 
excess returns are significantly lower by the (UPM0,5;3, LPM0,9;3.)- than by the 
(µ,LPM0,9;3)- portfolios because the latter assumes preference neutrality above the target. 
The narrow return distributions of the (UPM0,5;3, LPM0,9;3)- portfolios signalize also low 
standard deviations. The negative skewness and kurtosis of the (UPM0,5;3, LPM0,9;3)- 


























Portfolio type  1 2 3 4 5 tang 
(µ, σ)        
Exp.return above 0,03 0,113 0,105 0,152 0,188 0,243 0,174 
Exp.return below 0,03 0,101 0,104 0,138 0,151 0,229 0,138 
Exp.return 0,105 0,098 0,141 0,164 0,188 0,154 
St. deviation 0,101 0,100 0,124 0,148 0,226 0,137 
LPM (a=0,9) 0,0058 0,006 0,007 0,013 0,024 0,009 
UPM (c=3) 0,122 0,123 0,162 0,189 0,300 0,177 
UPM (c=0,5) 0,048 0,039 0,081 0,112 0,124 0,097 
Skewness -2,037 -2,284 -2,497 -2,509 -1,491 -2,517 
Kurtosis 5,759 6,941 7,057 6,832 3,293 6,970 
(µ, LPM0,9;3)             
Exp.return above 0,03 0,165 0,166 0,175 0,214 0,266 0,127 
Exp.return below 0,03 0,122 0,123 0,114 0,152 0,209 0,099 
Exp.return 0,144 0,145 0,148 0,171 0,192 0,118 
St. deviation 0,137 0,138 0,142 0,182 0,266 0,115 
LPM (a=0,9) 0,0058 0,006 0,007 0,013 0,024 0,003 
UPM (c=3) 0,184 0,186 0,192 0,253 0,368 0,156 
UPM (c=0,5) 0,068 0,069 0,071 0,093 0,100 0,042 
Skewness -2,042 -2,037 -2,008 -1,524 -0,440 -1,674 
Kurtosis 5,006 4,989 4,873 3,164 0,754 4,111 
(UPM0,5;3, LPM0,9;3)             
Exp.return above 0,03 0,150 0,151 0,154 0,194 0,209 0,129 
Exp.return below 0,03 0,137 0,138 0,139 0,134 0,291 0,110 
Exp.return 0,140 0,141 0,143 0,165 0,179 0,122 
St. deviation 0,124 0,124 0,126 0,150 0,185 0,115 
LPM (a=0,9) 0,0058 0,006 0,007 0,013 0,024 0,003 
UPM (c=3) 0,162 0,163 0,164 0,191 0,213 0,156 
UPM (c=0,5) 0,075 0,077 0,081 0,113 0,145 0,049 
Skewness -2,400 -2,415 -2,449 -2,479 -2,834 -1,880 
Kurtosis 6,561 6,631 6,803 6,597 8,944 4,750 
(UPM3;3, LPM0,9;3)             
Exp.return above 0,03 0,159 0,161 0,164 0,215 0,278 0,127 
Exp.return below 0,03 0,104 0,106 0,110 0,131 0,167 0,090 
Exp.return 0,128 0,128 0,130 0,149 0,175 0,115 
St. deviation 0,155 0,157 0,163 0,217 0,284 0,115 
LPM (a=0,9) 0,0058 0,006 0,007 0,013 0,024 0,003 
UPM (c=3) 0,232 0,236 0,246 0,318 0,397 0,157 
UPM (c=0,5) 0,044 0,044 0,045 0,053 0,071 0,039 
Skewness -0,491 -0,451 -0,355 0,004 0,211 -1,523 
Kurtosis 1,519 1,457 1,307 0,380 0,143 3,754 
 
Table 5.16: Ex ante risk and value measures of the (UPM0,5;3,LPM0,9;3.)-, (µ,LPM0,9;3)-, 




5.5.2.6.4  Investment strategy of the shortfall risk seeking and chance potential 
seeking  
 
In the following, an aggressive investment strategy is presented. The investor wants to 
participate on the increasing markets whenever returns are above the target return. 
Whenever returns are below the target, the main concern is not to fall short but without 
particular regard to the amount. Thus, our investor likes exposure to high returns and 
accepts exposure to low returns. In other words, the investor is return potential seeking 
above the target, and risk seeking below the target. Utility function expressing such 
preferences is convex. The slope of convexity usually change at the reference point 
because that is where investor’s sensitivity to gains and losses changes. We assume the 
degree of the risk seeking slightly below the risk neutrality a=0,9, and degree of potential 
seeking c=3 while the target return is unchanged 3 %. Thus, following utility function is 
generated: 
 






















In addition to the efficient frontiers computed in the proceeding strategy, we compute the 
(UPM0,5;3, LPM0,9;3)- efficient frontier, i.e. the frontier of portfolios with maximal expected 
utility. The other efficient frontiers differ considerably (figure 5.56).  
In the (µ, σ)- coordinate system, the (UPM3;3, LPM0,9;3)-optimized portfolios are almost so 
far shifted to the right as the (UPM3;3, LPM2;3)- efficient portfolios in the first investment 
strategy (figure 5.47). Thus, a higher level of standard deviation may be expected for the 
same levels of portfolio return using the (UPM3;3, LPM0,9;3)- optimization.  
As the (UPM3;3, LPM0,9;3)-, (UPM0,5;3, LPM0,9;3)- and (µ, LPM0,9;3)- efficient frontiers are 
shifted very close to the risk-free asset, the tangents from the risk-free return to the 
















Figure 5.56: (UPM3;3, LPM0,9;3.)-, (UPM0,5;3, LPM0,9;3)-, (µ, LPM0,9;3)-, (µ, σ)- efficient 








Probability distributions of the optimal portfolios 
 
Generally, the graphs indicate the (UPM3;3, LPM0,9;3)- methodology generated portfolios 
with much wider return distributions than in the previous investment strategies. The higher 
probability of returns far from the target agrees with assumed chance potential and 
shortfall risk seeking behavior. The (UPM3;3, LPM0,9;3)- portfolios are similar with the 
(UPM3;3, LPM2;3)-portfolios in the upper part of return distributions since both assume 
chance potential seeking. However, the downside part of return distributions of the 
(UPM3;3, LPM0,9;3)-  portfolios is greater as they assume risk seeking and not risk aversion 















Figure 5.57: Return probability distribution of portfolios with maximal expected utility in 
the investment strategy of the chance potential seeking and shortfall risk seeking 
 
In the (UPM0,5;3, LPM0,9;3)- optimal portfolios, we see that the probability of high returns is 
much higher than in the (µ, LPM0,9;3)- optimal portfolios, and even higher than in the (µ,σ)- 
optimal portfolios for the same level of shortfall risk (figures 5.58-5.63). This causes the 
evaluating exponent c in UPM higher than one making high upside deviations from the 
target return relatively more preferable than the lower upside deviations. Only the 
(UPM0,5;3, LPM0,9;3)- optimized portfolios sufficiently express investor’s wish to take bets 
on high returns. Left-hand-side tails of distribution of the (UPM0,5;3, LPM0,9;3)- and 
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(µ,LPM0,9;3)- optimized portfolios correspond with these in the previous investment 















Figure 5.58: Return distribution of the portfolio type 1 in the investment strategy of the 















Figure 5.59: Return distribution of the portfolio type 2 in the investment strategy of the 

















Figure 5.60: Return distribution of the portfolio type 3 in the investment strategy of the 
















Figure 5.61: Return distribution of the portfolio type 4 in the investment strategy of the 


















Figure 5.62: Return distribution of the portfolio type 5 in the investment strategy of the 
















Figure 5.63: Return distribution of the tangential portfolio in the investment strategy of the 
chance potential seeking and shortfall risk seeking 
 
278 
Composition of the optimal portfolios 
 
The (UPM0,5;3, LPM0,9;3)- optimal portfolios contain significant proportion of the stocks 
without options (with exception of the tangential portfolio) what agrees with the shortfall 
risk and upside potential seeking preferences. The lower the shortfall risk the more 
protective puts contain these portfolios. This decreases the probability of very low returns, 
and results in positive skewness of the portfolios.   
 
Ex ante risk and value measures 
 
The (UPM3;3, LPM0,9;3)- efficient portfolios tend to achieve the highest expected returns 
above the target and the lowest expected returns below the target from the portfolios in the 
table 5.16 . The expected returns from the entire return distribution of these portfolios are 
slightly worse than by the other portfolios of the same type because of higher occurrence 
of shortfall. This drop can be explained as a price for the increased exposure to high 
returns.  
The widest return distributions of the (UPM0,5;3, LPM0,9;3)- portfolios, which are caused by 
the investor’s wish to take bets on high and low returns, are reflected in the highest 
standard deviations in comparison with the other portfolios.  
The skewness of the (UPM0,5;3, LPM0,9;3)- optimized portfolios is less negative than by 
other portfolios, and the kurtosis is much lower. High kurtosis occurring with high 
negative skewness by the other portfolios indicates fat tail on the downside of return 
distributions.   
 
5.5.2.7  Conclusion 
 
This study tests the (UPM, LPM)- portfolio model that employs variable degrees of the 
lower partial moment and upper partial moment in order to provide investors with broader 
range of utility choices. As an example, four investment strategies are applied which 
reflect different investor’s behavior: chance potential seeking and shortfall risk aversion, 
chance potential aversion and shortfall risk aversion, chance potential aversion and 
shortfall risk seeking and chance potential seeking and shortfall risk seeking.  
The asset universe containing stocks, written covered calls and protective puts is utilized.  
 
279 
The (UPM, LPM)- optimization results are compared with the (µ, LPM)- and (µ, σ)- 
optimized portfolios. Thereby, the efficient frontiers, return probability distributions, 
compositions and ex ante decision parameters of these portfolios are analyzed .  
Due to the chief advantage of the (UPM, LPM)- model that it encompasses a vast spectrum 
of utility theory, we can state that only the (UPM, LPM)- optimal portfolios sufficiently 

































In this thesis an innovative portfolio model is developed which expands the existing 
portfolio theory to the chance potential- shortfall risk decision framework. The modifiable 
risk and value measure (LPM and UPM) enable to adequate map real decision situation. In 
the downside part of return distribution, variable risk preferences are expressed using 
shortfall risk. The upside deviations from the benchmark are not minimized as in case of 
the (µ, σ)- model or considered risk neutral as in the (µ, LPM)- model, but employs 
variable degrees of the upper partial moment in order to provide investors with broader 
range of utility choices and so reflect arbitrary investors’ preferences while using the 
whole return distribution. The reference point of return deviations is an explicitly given 
minimum target return that must be earned in order to accomplish financial goals. This all 
results in bright spectrum of Bernoulli’s utility functions congruent with this portfolio 
model. The elimination of the assumption of normally distributed returns in the (UPM, 
LPM)- model allows correct allocation of assets with non-normally distributed returns as 
e.g. financial derivatives, equities, real estates, fixed return assets, commodities and assets 
on emerging markets. In general, assets with normal return distribution, i.e. with zero 
higher moments of distribution, can be well managed by the standard (µ, σ)- model. 
However, problems occur when returns are not normally distributed. There is a strong 
evidence that on the capital market demand for financial products with non-normally 
distributed return pay-off, above all asymmetric, rapidly increases. Individuals are not 
equally concerned with avoiding losses and seeking gains, what is reflected in their 
asymmetric risk-chance preferences. The most commonly, banks have to meet the demand 
of customers which would like to participate in increasing markets without taking great 
risk. Corresponding with such preferences, they offer structured products, e.g. the 
combination of assets and their derivative instruments, which truncate shortfall returns and 
preserve upside returns. On the one hand, the proposed model can be efficiently applied on 
the portfolios with assets with non normal return distributions, where the mean-variance 
portfolio model tends to inferior asset allocation decisions. On the other hand, it can be 
utilized in case of normally distributed returns where the mean-variance portfolio model 
uses to provide correct asset allocation. Hence, the chance potential and shortfall risk 




The asset allocation based on the shortfall risk and chance potential proved to be a solution 
to the main objective of this thesis: presentation of portfolio model more appropriate for 
large group of investors which are not content with the asset allocation with the traditional, 
mean-variance based portfolio model above all in term of its rather specific definition of 
risk and value decision parameters, risk diversification, related utility function and its 
restrictions imposed on asset universe.  
At the beginning, the fundamentals of the traditionally applied Markowitz’s portfolio 
model are explained. The main point of criticism of the (µ, σ)- decision principle is the 
application of risk understanding of investors who fear to miss the expected return, and 
penalize not only downside but also upside return deviations from the mean by asset 
evaluation. Nevertheless, large group of investors do not see positive return deviations as a 
source of risk but as a chance to succeed. We examine main asset classes, and state that 
any of them exhibits strictly normally, or log-normally distributed returns which would 
assure appropriateness of the (µ, σ)- portfolio optimization strategy. The consistency of the 
(µ, σ)- decision with the expected utility maxim requires quadratic utility function in case 
of non-normally distributed returns. One of the serious weak points of such utility function 
is the limited non-satiation, i.e. the utility decreases with increasing final return behind the 
vertex. In addition, one quadratic utility function can hardly aggregate utility of all 
investors. As by larger portfolios the portfolio risk is determined mainly by risk 
diversification, we prove the measurement of return dependency between assets in the 
(µ, σ)- model. Examples are presented where portfolio is contra intuitively protected 
against losses by large covariance, and exposed to large losses by low covariance. The 
clarification of such results with the covariance lies in the measurement of both-side return 
dependency, and in the effect of reference point set as an endogenous parameter of return 
distribution (mean). Furthermore, we provide an evidence on the occurrence of the 
asymmetry in return dependence on the global capital market which indicates that the 
portfolio allocation based on the covariance under assumption of normal return 
distributions would significantly overestimate the diversification benefit in the downside 
part of return distribution. Therefore, conditional co-movement risk measures are proposed 
to apply. 
As the (µ, σ)- portfolio selection proves to be rather specific (Value, Risk)- portfolio 
models, the chapter three discusses risk and value measures used in  portfolio models in 
general. With reference to this, we state two main directions in the portfolio optimization: 
based on the both-side and shortfall risk measure.  
 
282 
The chapter four is concerned with the portfolio selection based on the shortfall risk and 
mean which utilizes risk measure corresponding with the risk understanding of the 
prevailing number of investors (risk as a danger of failing to attain a predefined financial 
target). Any outcomes above this reference point do not represent financial risk. As a 
consequence, by the portfolio optimization based on the shortfall risk the chance to over-
perform the reference point is not minimized as by the portfolio optimization based on the 
variance. After description of the “safety-first” decision criteria and fundamentals of the 
(µ, LPM)- portfolio model, the chapter discusses this risk decision criterion in term of 
utilized risk tolerance, minimal aspiration return and effect on the efficient frontier. 
Furthermore, we show that beside the risk of shortfall, LPM accounts also for higher 
moments of return distribution: skewness and kurtosis. So, the asset universe can be 
extended by the assets with asymmetric and fat tailed return distributions. The review of 
consistency of the mean-shortfall risk portfolio model with the decision rules of stochastic 
dominance and Bernoulli’s expected utility maxim delivers strong arguments to supplant 
the use of the (µ, σ)- criterion by the application of (µ, LPM)- rules.  
The analysis of the risk diversification in the (µ, LPM)- model reveals that the co-shortfall 
risk, in the contrary to the covariance, gives us sensible answer to the question when the 
risk of one asset is diversified away by another one. As it expresses the extent to which the 
losses of one set of returns are eliminated by the gains of another set of returns, the assets 
with simultaneous upward return deviations from the reference point do not increase the 
portfolio risk as in case of the covariance. The consequence is that such assets are not 
eliminated from the portfolio by the optimization. As the co-shortfall risk measures return 
co-movements in the downside part of return distributions, it captures the discussed 
asymmetry in return dependence. The empirical study in the last part of the chapter four is 
devoted to the examination of the differences between the (µ, σ)- and (µ, LPM2,τ)- portfolio 
models, and the realized performance. We find out that the differences in the asset 
allocation grow with non-normality of return distributions as they are higher on the 
emerging and global market than on the mature market. So, the approximation of both risk 
understanding with one portfolio model is not advisable. It was proven for historical return 
time series of the last ten years on all examined markets that realized performance with the 
(µ, LPM2,τ)- model is better than this of the (µ, σ)- model, whereby the out-of-sample 
performance differences are higher on the emerging and global market than on the mature 
market. In addition, we simulate market development in order to clarify what could have 
happened and not only what did happen as in the previous step. The simulation confirms 
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better realized performance of the (µ, LPM2,τ)- than (µ, σ)- optimization. The analysis of 
the realized performance illucidates the influences on this superior performance: different 
measures of risk and risk diversification and consideration of asymmetry of return 
distributions in the (µ,LPM2,τ)- optimized portfolios. The disadvantage of the (µ, σ)- model 
is already mentioned penalization of not only negative but also positive return deviations, 
whereas the advantage of the (µ, LPM)- model is the penalization of the volatility only 
below the financial target. The (µ, LPM)- optimized portfolios contain typically higher 
proportion of positively skewed assets what positively effects their performance in the test. 
Additionally, risk diversification with the co-shortfall risk can indicate low risk protection 
of portfolios when the covariances show high risk diversification. 
The last chapter, which proposes an innovative (UPM, LPM)- portfolio model, represents a 
core of the thesis. It contains a discussion about its modifiable risk and value measure 
(LPM and UPM), the utility functions congruent with this model, assumptions made on the 
return distributions and asset universe, and the consideration of the asymmetry in return 
dependence. We include graphical analysis of the (UPM, LPM)- efficient set as a support 
for later numerical solution. Finally, the application of the (UPM, LPM)- portfolio model 
to four investment strategies reflecting different investor’s behavior (chance potential 
seeking and shortfall risk aversion, chance potential aversion and shortfall risk aversion, 
chance potential aversion and shortfall risk seeking, chance potential seeking and shortfall 
risk seeking) in the asset universe containing stocks, written covered calls and protective 
put confirms that the (UPM, LPM)- optimal portfolios express assumed investor’s wishes 
better than the (µ, LPM)- and (µ, σ)- optimal portfolios. The comparison is related to the 
efficient frontiers, return probability distributions, compositions and ex ante decision 
parameters of optimal portfolios.  
At the end of the chapter two, four and five, computational issues of the optimization 
algorithm developed for the (µ, σ)-, (µ, LPM)- and (UPM, LPM)- portfolio selection are 














Bernoulli’s decision principle 
 
According to the Bernoulli’s decision principle328 not the investment expected value, but 
the expected value of investment utility, determines the investment behaviour under risk. 
Then, an investor has to choose from the decision alternatives this one with the highest 










where: U(r):  utility function 
   rs:  return in the state s 
  ps:  return probability in the state s 
 
In the literature utility function is often related to the final wealth w. Due to the relation 
)1( rww o +⋅= , the characteristics of utility function are valid for both - return r and final 
wealth w. 
The main advantage of the Bernoulli’s principle represents the concentration on individual 
utility function. Only by its consideration can be spoken about individual’s rational 
decision. However, in this advantage lies also the problem of this principle, as the exact 
determination of individual utility function is not straightforward330.  
It has to be emphasized that the principle of expected utility maximization is a normative 
decision principal. So, it gives instructions to act plausible, but it does not necessary mean 
that decision makers follows its implications331.  
Bernoulli’s principle is based on three main axioms332: 
1. Ordering and transitivity. An individual either prefers one of two risky prospects A 
and B or is indifferent between them, i.e. AfB or ApB. Further, if he prefers A to 
B and B to C, then he prefers also A to C, i.e. AfB and BfC implies AfC. 
                                                 
328 Bernoulli’s principle was theoretically explained and expanded in Von Neumann/Morgenstern (1947) 
329 Laux (1991), p.168 
330 More about Bernoulli’s principle e.g. in: Rehkugler/Schindel (1981), p.154 
331 Allais (1979), p.27-145, provided demonstrations that expected utility theory is not able to describe 
people’s risk preferences. 
332Anderson/Dillon/Hardaker (1977), p. 66-69 
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2.  Continuity. If an individual prefers A to B to C, then there exists some subjective 
probability level p such that he is indifferent between the gamble paying A with 
probability p and C with probability 1-p which leaves him indifferent to B: 
BpCpA f)1( −⋅+⋅ .  
3.  Independence. If A is preferred to B, and C is any other risky prospect, a lottery 
with A and C outcomes will be preferred to a lottery with B and C outcomes, when 
probability of A is equal to probability of B. Hence, when AfB, then for C is valid 
)1()1( pCpBpCpA −⋅+⋅−⋅+⋅ f . With other words, preference between A and B 
is independent of C. 
The basic assumption of Bernoulli’s utility functions is non-satiation what means that with 
the increasing final wealth of investment its utility does not decrease: 
 
U´(w) ≥ 0,  for all w. 
 
Accepting the non-satiation assumption, three main types of individual’s behaviour 
congruent with the Bernoulli’s principle could be specified 333: 
• Risk aversion: with the increasing final wealth of investment the added utility of 
one unit added wealth decreases or remains constant. U´´(w) ≤0, for all w (weak 
concave utility function) 
• Risk seeking:   the added utility of one unit added wealth increases or remains 
constant with the increasing final wealth of investment. U´´(w) ≥ 0, for all w (weak 
convex utility function) 
• Risk neutrality: with the increasing final wealth of investment the added utility of 
one unit added wealth remains constant. U´´(w) = 0 for all w (linear utility 
function) 
It is useful the utility functions expressing risk aversion further characterized by the type of 
absolute and relative risk aversion (Arrow-Prat-measures). The absolute risk aversion 
explains how investor’s risk aversion changes with changing final wealth of investment 
independently on the initial wealth of investment. Absolute means that the risk is measured 
as an absolute variability of gamble, and not as a fraction of individual’s wealth. Three 
types of absolute risk aversion φ can be defined334: 
                                                 
333 Truxius (1980), p. 23-40 






It depends on decrease, increase and constancy of the absolute risk aversion: 
 
φ = [–U´´(w)/U´(w)]  
 
by the increasing final wealth of investment. 
By the relative risk aversion risky alternative is defined as a fraction of individual’s wealth:  
 
w´(w)][-U´´(w)/Uw ⋅=⋅ϕ . 
 
By constant relative risk aversion the increasing initial wealth would not influence the 
decision about the proportion of risky and risk-free asset. In case of decreasing relative risk 
aversion an investor chooses risk-free asset by low initial wealth, and with the increasing 
initial wealth he increases the proportion of risky assets. Increasing relative risk aversion 
indicates that investor would choose risky asset by low initial wealth, and with increasing 
initial wealth he increases the proportion of-risk free assets335. 
Especially plausible behaviour of an investor according to Bernoulli represents non-
satiation, risk aversion, decreasing absolute and increasing relative risk aversion336. 
The requirement on the individual’s utility function in case of congruency of the expected 
utility maxim with the (Value, Risk)- decision model can be derived from the following 
theorem337: If individual maximizes expected utility, and acts solely on basis of expected 
return E(r) and risk measure F(r), where measure of risk F(r) equals the expected value of 
some function of return f(r), then individual’s utility function have to be of the form: 
 
γβα +⋅+⋅= )r(fr)r(U      γβα ,,  - parameters,   
 
and expected utility function: 
 
γβα +⋅+⋅= )r(F)r(E)r(EU  .  
                                                 
335 Arrow(1970), p. 94 
336 Truxius (1980), p. 23-40 




Decision rules of stochastic dominance 
 
The foundations of the theory of stochastic dominance laid Hadar and Russell338, Hanoch 
and Levy339, Rothschild and Stiglitz340. Stochastic dominance gains on popularity in the 
theory and empirical applications of economics only in the last decades341.  
The theoretical attractiveness of stochastic dominance lies in the fact that these criteria do 
not require a full parametric specification of the preferences of the decision-maker and the 
statistical distribution of the choice alternatives, but rather they rely on a set of general 
assumptions. So, the rules of stochastic dominance enable to decide between portfolios by 
unknown utility function and parameters of probability distributions of alternatives. An 
individual who maximizes his expected utility is assumed, and then further assumptions 
about the preference for wealth and risk aversion are added.  
The stochastic dominance approach is based directly on entire return distribution of the 
investment alternatives. Hence, it provides us with exact determination of efficient 
investment alternatives in risky situations, and therefore can serve as a benchmark for 
assessing the rationality of less complex (Value, Risk)- preference functional based only 
on a limited number of parameters. 
Stochastic dominance is examined in three basic classes of utility functions characterized 
by the assumptions about wealth preferences and risk aversion: non-satiation, risk aversion 
and decreasing absolute risk aversion. Consequently, the optimal selection rules defined as 
being necessary and sufficient for the maximization of the expected utility in these general 
utility classes lead to the efficient set which is identical to the efficient set of the first-, 
second- and third-degree stochastic dominance. 
The first class of utility functions (U1) which characterizes the first degree stochastic 
dominance, is defined by the non-satiation, i.e. more is preferred to less (U(r)´≥0). Let us 
assume that an individual is faced with two alternative portfolios P and Q. For utility 
maximizer with utility function from this class, a necessary and sufficient condition for the 
portfolio P to dominate portfolio Q is342: 
 
                                                 
338 Hadar/Russell (1969), p. 25-34 
339 Hanoch/Levy (1969), p. 335-346 
340 Rothschild/Stiglitz (1970), p. 225-243 
341 Levy (1998) 
342 Bawa (1978), p. 255-271, Breuer/Gürtler/Schuhmacher (1999), p. 308 
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FP(r) ≤ FQ(r),  for all bar ,∈  
where  F(r): cumulative return probability distribution  
 
 
                            F(r) 







                                                                                                               r 
 
Figure A.1: The first-degree stochastic dominance343. 
 
The second class of utility functions (U2) includes individuals who manifest any form of 
risk aversion, and prefer more than less. Hence, they exhibit non-decreasing and weak 
concave utility (U(r)´≥0 and U(r)´´≤ 0). The second-degree stochastic dominance assumes 
a maximizer of the expected utility with the utility function from this class. For them a 







QP dssFdssF )()( ,  for all bar ,∈ . 
 
This condition requires for all return r, that the area below the cumulative probability 
distribution FP is smaller (or equal) than the area below the FQ. The second-degree 




                                                 
343 Breuer/Gürtler/Schuhmacher (1999), p. 307 
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Figure A.2: The second-degree stochastic dominance345  
 
In the third class of utility function (UDARA), we assume decision maker who is risk averse 
with decreasing absolute risk aversion and prefers more than less. So, he has non-
decreasing, weak concave utility with decreasing absolute risk aversion [U(r)´≥0, U(r)´´≤ 0, 
(–U´´(r)/U´(r))´<0]. A necessary and sufficient condition for the portfolio P to dominate 
portfolio Q for the expected utility maximizer with the utility function belonging to this 
class is346: 
 









QP dtds)t(Fdtds)t(F , for all bar ,∈  
 
This condition is referred as the third-degree stochastic dominance. 
To obtain stochastic dominance-efficient set of portfolios, we have to compare pair wise 
the return probability distributions of all assets. Hence, the theoretically appealing direct 
evaluation of return distribution of investment is practically seldom helpful, as on the one 
hand we often do not know the exact return probability distribution, and on the other hand 
the optimization algorithm for selecting stochastic dominance–efficient portfolios has 
never been developed.  
                                                 
345 Breuer/Gürtler/Schuhmacher (1999), p. 308 
346 Breuer/Gürtler/Schuhmacher (1999), p. 36   
    There is disunity in the literature about the last plausibility assumption of the decreasing relative risk 
aversion (in the framework of the Bernoulli’s principle). 
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It is obvious that if portfolio P is preferred for portfolio Q by the first-degree stochastic 
dominance, then also by the second-degree stochastic dominance: 
 
QPQP SSDFSD ff ⇒ . 
 
Similarly, if portfolio P is preferred for portfolio Q by the second-degree stochastic 
dominance, then also by the third-degree stochastic dominance: 
 
QPQP TSDSSD ff ⇒  
 
Then, defining effiSD as the ith order stochastically undominated set, it holds
347: 
 


















                                                 





Example of differences between the LPMij formulae 4.12 and 4.13 
 
r(i) r(j) MAX((τ-r(i));0)^(a-1) τ-r(j) LPM(ij)
-0,8 -0,1 1,118 0,100 0,112
-0,5 -0,1 1,414 0,100 0,141
-0,2 -0,1 2,236 0,100 0,224
-0,1 -0,1 3,162 0,100 0,316
-0,05 -0,1 4,472 0,100 0,447
-0,01 -0,1 10,000 0,100 1,000
-0,001 -0,1 31,623 0,100 3,162
 
Table B1: Example of the LPMij values computed with formulae 4.12 for a=0,5 (τ=0) 
 
r(i) r(j) MAX((τ-r(i));0)^(a-1) τ-r(j) LPM(ij)
-0,8 -0,1 1,195 0,100 0,120
-0,5 -0,1 1,741 0,100 0,174
-0,2 -0,1 3,624 0,100 0,362
-0,1 -0,1 6,310 0,100 0,631
-0,05 -0,1 10,986 0,100 1,099
-0,01 -0,1 39,811 0,100 3,981
-0,001 -0,1 251,189 0,100 25,119
 
Table B2: Example of the LPMij values computed with formulae 4.12 for a=0,2 (τ=0) 
 
r(i) r(j) MAX((τ-r(i));0)^(a-1) τ-r(j) LPM(ij)
-0,8 -0,1 1,222 0,100 0,122
-0,5 -0,1 1,866 0,100 0,187
-0,2 -0,1 4,257 0,100 0,426
-0,1 -0,1 7,943 0,100 0,794
-0,05 -0,1 14,823 0,100 1,482
-0,01 -0,1 63,096 0,100 6,310
-0,001 -0,1 501,187 0,100 50,119
 









r(i) r(j) MAX((τ-r(i));0)^(a/2) |τ-r(j)|^a/2*sign(τ-r(j)) LPM(ij)
-0,8 -0,1 0,946 0,562 0,532
-0,5 -0,1 0,841 0,562 0,473
-0,2 -0,1 0,669 0,562 0,376
-0,1 -0,1 0,562 0,562 0,316
-0,05 -0,1 0,473 0,562 0,266
-0,01 -0,1 0,316 0,562 0,178
-0,001 -0,1 0,178 0,562 0,100
 
Table B4: Example of the LPMij values computed with formulae 4.13 for a=0,5 (τ=0) 
 
r(i) r(j) MAX((τ-r(i));0)^(a/2) |τ-r(j)|^a/2*sign(τ-r(j)) LPM(ij)
-0,8 -0,1 0,978 0,794 0,777
-0,5 -0,1 0,933 0,794 0,741
-0,2 -0,1 0,851 0,794 0,676
-0,1 -0,1 0,794 0,794 0,631
-0,05 -0,1 0,741 0,794 0,589
-0,01 -0,1 0,631 0,794 0,501
-0,001 -0,1 0,501 0,794 0,398
 
Table B5: Example of the LPMij values computed with formulae 4.13 for a=0,2 (τ=0) 
 
r(i) r(j) MAX((τ-r(i));0)^(a/2) |τ-r(j)|^a/2*sign(τ-r(j)) LPM(ij)
-0,8 -0,1 0,989 0,891 0,881
-0,5 -0,1 0,966 0,891 0,861
-0,2 -0,1 0,923 0,891 0,822
-0,1 -0,1 0,891 0,891 0,794
-0,05 -0,1 0,861 0,891 0,767
-0,01 -0,1 0,794 0,891 0,708
-0,001 -0,1 0,708 0,891 0,631
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Standard error of the Sharpe-ratio 
Denote by θ̂  the column vector )ˆ,ˆ( 2 ′sr and let denote the corresponding column vector of 
population values ),( 2 ′σµ . ),( θϕθ nr denotes the derivative of ),( θϕ nr with respect to θ . 
Denote by rn the vector of period-n returns and lags (rn , rn-1. . . rn-q+1) and let (rn) be a 
stochastic process that satisfy the following conditions: 
C1: { rn: n ∈  (–∞, ∞)} is stationary and ergodic; 
C2:  Θ∈0θ , Θ is an open subset of 
kℜ   
C3: Θ∈∀θ ),( θϕ ⋅ and ),( θϕθ ⋅ are Borel measurable and },{ ⋅rθϕ θ {X, . } is continuous on 
Θ for all r; 
C4: θϕ  is first-moment continuous at 0θ ; )],([ ⋅rE θϕ exists, is finite, and is of full rank. 
C5: Let ),( 0θϕϕ nn r≡  
 And  
,...],|[,...],|[ 2121 −−−−−− −= jjj EEv ϕϕϕϕϕϕ  
and assume 
(i): 0][ =′⋅ θθ ϕϕE exists and is finite, 





















 is finite 
which implies that 0)],([ 0 =θϕ nrE . 
By the application of a generalized method of moments (GMM) estimator, the derivation 
in Lo (2002), p.47, and the results of Hansen (1982) we obtain the following asymptotic 
distribution of the Sharpe ratio estimator: 
 











)ˆ(ˆ)ˆ( ggVGMM                (D.2) 
 





















θ                         (D.3) 
 
 









































n θϕ               (D.7) 
 
and m is the truncation lag, which must satisfy the condition m/T increases without bound 
















Then, the standard error of the Sharperatio can be estimated by: 




Example of differences between the (µ, σ)- and (µ, LPM)- efficient portfolios for 
symmetrical asset return distributions 
 
Rom and Ferguson348 (1994) give an example that even for symmetrical asset return 
distributions differences occurs between the (µ, σ)- and (µ, LPM)- sets of efficient 
portfolios (see table below). Asymmetry between the downside and upside variance is 
introduced by the target. Markowitz statement in the section 4.4.2 applies only to 
semivariance with target equal to the mean.  
 
 Minimum risk portfolio Equivalent-risk portfolio 
Asset (µ, σ)-opt (%) (µ,LPM)-opt (%) (µ, σ)-opt (%) M-LPM (%) 
Large-Cap stocks 0 10 50 54 
Small-Cap stocks 0 0 0 0 
Foreign stocks 1 7 29 33 
Bonds 2 9 21 13 
Cash 97 74 0 0 
Exp. return 8,6 9,9 14,4 14,7 
LPM (a=2,τ=10%) 1,5 2,0 1,8 1,8 
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